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Abstract 


Let  T > 0 be  an  arbitrary  real  number  and  H,  H+  real 
Hilbert  spaces  with  H+  £ H algebraically  and  topologically 
and  H+  dense  in  H.  Let  H_  be  the  dual  of  H+  via  the  inner 
product  of  H and  denote  by  L^.(H+,H_)  the  space  of  symmetric 
bounded  linear  operators  from  H+  into  H_ . We  prove  that  the 
evolution  of  the  electric  displacement  field  in  a simple  class 
of  holohedral  isotropic  dielectrics  can  be  modeled  by  an 
abstract  initial-value  problem  of  the  form 

- au^  - Lu  + /p  M(t-T)u(i)d7  = 8(t)uQ,  0 < t < T 

► 

u(0)  = uq  , u^CO)  = u^  (uQ,u-1  e H+) 

where  L e Lg(H+,  H_),  M(t)  e L2(tO,T);  LS(H+,  H_)),  0(t)  c C1(C0,T)), 
and  a is  an  arbitrary  (non-zero)  real  number.  By  employing  a 
logarithmic  convexity  argument  w^_d.erive  growth  estimates  for 
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solution  of  the  above  system  which  lie  in  uniformly  bounded 
classes  of  the  form 

W = (u  e C?(rO,T);  H ) I sup  | f u I | s N} 

1 [0  ,T)  ~ M+ 

for  some  N > 0;  our  results  are  derived  under  a variety  of 
assumptions  concerning  a,  B(t),  and  the  initial  data  (without 
making  any  definiteness  assumptions  on  the  operators  L or 
M(t),  0 ^ t < T)  and  are  used  to  obtain  growth  estimates  for 
the  electric  displacement  field  D(x,t)  in  rigid  dielectrics 
which  satisfy  constitutive  relations  of  the  form 

D(x,t)  = aQE(x,t)  + <|>  (t-t  )E(x  ,t  )dx 

H ( x ,t ) = bQB(x,t)  + /J  i|;(t-T)B(x,T)dT  . 

where  E,  H,  B are  the  usual  electromagnetic  field  variables, 

3 

(x,t)  e x [0,T),  ft  r is  a bounded  region  with  smooth 
boundary  aQ  and  bQ  are  positive  constants,  and  <J> , \p  are 

non-negative  monotonically  decreasing  functions  of  t. 


accession  u~ 


NTIS 
ODC 
"NANNOU'IC'O 
MISTI  ICA  ‘131 


w;  i‘e  Section 
Section 


□ n 


-1- 


1 . Introduction 

In  recent  work  Ell  - T4]  this  author  has  derived  stability 
and  growth  estimates  for  specific  classes  of  solutions  to 
initial-value  problems  associated  with  abstract  integrodif ferential 
equations  of  the  form 

utt  - Nu  + K(t-T)u(t)dt  =0,  0 < t < T,  (1.1) 

where  T > 0 is  an  arbitrary  real  number;  in  this  equation 
u c C2([0,T);  H+>  with  u e C1([0,T);  H+),and  -u  e C°( [0  ,T) ;H_) , 
where  H+ , H_  are  Hilbert  spaces  which  are  defined  as  follows: 

Let  H be  any  real  Hilbert  space  with  inner-product  <,>  and  let 
H+  £ H (algebraically  and  topologically ) with  H+  dense  in  H; 
denote  the  inner-product  on  H+  by  <,>+.  Then  H_  is  the  c o* 
pletion  of  H under  the  norm 

I <v,w> | 

I I W I | = sup  -r-rnTT — (1.2) 

~ “ veH+  1 ' + 

If  we  let  1(H+,H  ) denote  the  space  of  bounded  linear  operators 
from  H+  into  H then  in  (1.1)  we  only  require  that 

(i)  N e i(H+,H_)  is  symmetric  and 
(ii)  K(t  ) , Kt(t)  e L2  ( ( -00 ,°°)  ; L(H+,H_)) 

where  K^.  denotes  the  strong  operator  derivative  of  K;  no 
definiteness  assumptions  are  placed  on  N and  thus  the  initial- 
value  problem  obtained  by  appending  to  (1.1)  the  initial  data 
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u(0)=f,  ut(0)=g;  f,gcH+  (1.3a) 

and  the  prescription  of  the  past  history,  i.e., 

u(t)  = U(t),  - co  < x < 0 (1.3b) 


is,  in  general,  non  well-posed.  If,  however,  we  restrict  our 
attention  to  classes  of  bounded  solutions  to  (1.1)  - (1.3)  of 
the  form 

N = (v  e C2(tO,T);  H )l  sup  I I v ( t ) I I £ N2} 

[ 0 ,T ) ~ 

for  some  arbitrary  real  number  N,  then  it  is  possible  to 
derive  both  stability  and  growth  estimates  for  solutions 
u e W under  the  assumption  that  K(0)  satisfies 


(1.4a) 


(1.4b) 


In  (1.4b)  Y represents  the  embedding  constant,  i.e.,  as  we 
assume  that  H+  c H topologically,  ||v||  < y I | v | | + for  some 
Y > 0 and  all  v e H+ . 

The  technique  used  in  Cl)  - [3]  to  derive  the  aforementoned 
stability  and  growth  estimates  for  solutions  u e M of  the 
abstract  system  (1.1),  (1.3a),  (1.3b)  is  based  on  a logarithmic 
convexity  argument  first  employed  by  Knops  and  Payne  C51  for 


A 


the  abstract  wave  equation  obtained  from  (1.1)  by  setting 
K(t)  = 0;  a different  logarithmic  convexity  argument  was 
employed  by  this  author  in  [4]  to  derive  continuous  data 
dependence  theorems  for  the  system  (1.1),  (1.3a),  (1.3b). 

The  results  obtained  in  [21  - [4]  are  applied  in  those  papers 
to  obtain  growth,  stability,  and  continuous  data  dependence 
theorems  for  solutions  to  initial-value  problems  associated 
with  the  equations  of  motion  for  linear  isothermal  viscoelastic 
materials;  the  spaces  H,  H+ , and  H_, as  well  as  the  operators 
N and  K(t),are  constructed  and  no  definiteness  assumptions  are 
made  on  the  initial  value  of  the  relaxation  tensor.  In  the 
case  of  a one-dimensional  homogeneous  (isothermal)  linear 
viscoelastic  body,  it  is  shown  in  [33  that  the  conditions 
(1.4a),  (1.4b)  are  equivalent  to  the  requirement  that 


g'(0)  < -k  with  k > yT  sup  |g(t)|  (1.5) 

[0  ,T) 

where  g(t)  is  the  relaxation  function  of  the  material. 

More  recently  we  have  turned  our  attention  to  the  way 
in  which  integrodiff erential  equations  arise  in  the  theory 
of  polarized  non-conducting  material  dielectrics,  i.e.,  in 
[63  we  have  considered  the  following  problem:  Let  E,  B,  P, 
and  D denote,  respectively,  the  electric  field  vector,  the 
magnetic  flux  density,  the  polarization  vector,  and  the  electric 
displacement  in  a non-conducting  medium;  the  polarization 
and  electric  displacement  vectors  are  related  via 


D = s E + P,  e H const.  (1.6) 

o~  ~ o 

If  (x1  ,t ) , i = 1,2,3,  denotes  a Lorentz  reference  frame,  with 
the  (x1)  rectangular  Cartesian  coordinates  and  t the  time 
parameter,  then  Maxwell's  equations  have  the  local  form 

9B 

+ curl  E = 0,  div  B = 0 (1.7a) 

9D 

curl  H - = 0 , div  D = 0 (1".  7b) 

whenever  the  density  of  free  current  Jp  = 0,  the  magnetization 
M = 0,  and  the  density  of  free  charge  Qp  = 0 ; in  (1.7b),  H 
represents  the  magnetic  intensity  and  is  related  to  the 
magnetic  flux  density  via 

H = U_1  B (1.8) 

o 

_2 

where  EQgo  = c , c being  the  speed  of  light  in  a vacuum.  A 
determinate  system  of  equations  for  the  fields  appearing  in 
Maxwell's  equations  is  obtained  by  specifying  a set  of 
constitutive  relations.  For  example,  in  a vacuum  P = 0 and 
the  classical  relations 

D = e E,  H = y_1  B (1.9) 

o~  ~ o ~ 

appl'/,  while  in  a rigid,  linear,  stationary  nonconducting 
di electric 

D = e*E,  B = yH 


(1.10) 
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where  e and  u are  constant  second  order  tensors;  the  constitutive 
equations  (1.10)  were  given  by  Maxwell  in  1873  [73.  In  [63 
we  considered  the  set  of  equations  which  define  the  dielectric 
as  being  a Maxwell-Hopkinson  material,  i.e.,  (l.lO^)  and 

D(t ) = cE(t)  + /t  <f>(t-T)E(T)dT  (1.11) 

where  e > 0 and  4>(t)  is  a continuous  monotonically  decreasing 
function  for  t £ 0;  following  a suggestion  of  Maxwell,  Hopkinson 
[83  employed  the  constitutive  equations  (1.102)5  (1.11)  in 
connection  with  his  studies  on  the  residual  charge  of  the 
Leyden  jar.  It  was  demonstrated  in  [63  that  (1.11),  in  con- 
junction with  the  local  Maxwell  equations  (1.7a),  (1.7b), 
implies  that  the  following  integrodif ferential  equations  govern 
the  evolution  of  the  electric  field  and  the  electric  dis- 
placement field,  respectively,  in  a non-conducting  material 
dielectric  of  Maxwell-Hopkinson  type: 

(eE  + <J>*E)tt  = y-1AE  (1.12a) 

and 

cpD  = AD  + <J>*AD  (1.12b) 

where  for  any  vector  field  V 

( 4>  * V ) ^ (x  , t ) = /Q(J>Ct-T)Vi(x,T)dT  (1.13a) 

and 


AV  = grad  (div  V)  - curl  curl  V 


(1.13b) 
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The  function  $>(t)  in  (1.12b)  is  given  in  terms  of  the 
specified  memory  function  <i>  ( t ) by 

oo 

*(t)  = l (-l)n4>n(t)  (1.14a) 

n=l 

where  the  <i>n(t),  n £ 1,  are  determined  by  the  recursion 
relations 

<{)1(t)  = £-1<Kt)  (1.14b) 

4'n(t)  = /J  4|1(t  — t )<t>n  — 1(t  )dt  , n ^ 2 

Together  with  (1.12a),  (1.12b)  we  considered  initial  data  of 
the  form 


E (x ,0 ) 

= E (x)  , 
~o 

Et(x  ,0) 

= E^(x) 

(1.15a) 

D(x,0) 

II 

* a 
o 

X 

Dt(x,0) 

= D^(x) 

(1.15b) 

for  x c ft  (a  bounded  region  in  R with  smooth  boundary  3ft) 
and  homogeneous  boundary  data  of  the  form 

E(x,t)  = D(x,t)  = 0,  (x,t)  £ 3ft  x (-»,T)  (1.16) 

The  functions  Eq  , . . . , were  taken  to  be  continuous  on  ft. 

By  introducing  suitable  Hilbert  spaces  H,  H+ , H and 
operators  N e i(H+,H  ) and  K(t)  e L^((-«>,®);  L(H+,H_))  we  were 
able  in  [6]  to  treat  the  initial-boundary  value  problem  for 
D,  i.e.  (1.12b),  (1.15b),  (1.162),  as  a special  case  of  the 
abstract  initial-value  problem  (1.1),  (1.2)  (in  [6]  we  assumed 
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that  D(t)  = 0,-  00  < T < 0).  From  the  stability  and  growth 
estimates  derived  for  the  electric  displacement  field  D, 
corresponding  estimates  were  then  derived  for  the  electric 
field  E by  employing  the  relation 

E (t ) = e_1D(t)  + e'1  J*  4>(t-x)D(x)dx  (1.17) 

which  is  obtaining  by  inverting  the  Maxwell-Hopkinson  relation 
(1.1  a the  usual  technique  of  successive  approximati ons . 

nstitutive  relations  associated  with  the  Maxwell- 
u.son  theory,  i.e.,  (1.10^)  and  (1.11),  embody  three  basic 
simplifying  assumptions:  they  are  linear,  they  effect  an  a 
priori  separation  of  electric  and  magnetic  effects,  and  they 
do  not  allow  for  magnetic  memory  effects.  As  early  as  1912 
Volterra  r 9 ] proposed  extending  the  Maxwell-Hopkinscn  theory 
to  treat  the  case  where  the  dielectric  is  anisotropic,  non- 
linear, and  magnetized;  his  constitutive  relations  were  of 
the  form 

t 

D(x,t)  = e*E(x,t)  + V (E(x,  x))  (1.18a) 

— OO  ""  ~ 

t 

B(x,t)  = y*H(x,t)  + 8 (H(x,x)  (1.18b) 

-N.  ~ — _oo  ~ 

and  it  can  be  shown  that  (1.18a)  reduces  to  (1.11)  if  the 
functional  D is  linear  and  isotropic  and  the  body  satisfies 
various  restrictions  which  follow  from  considerations  of 
material  symmetry.  Of  course,  (1.18a),  (1.18b)  still  effect 
an  a priori  separation  of  electric  and  magnetic  effects  and. 
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as  pointed  out  by  Toupin  and  Rivlin  [10],  such  a separation 
is  inadequate  with  respect  to  predicting  such  phenomena  as 
the  Faraday  effect  in  dielectrics.  Thus,  Toupin  and  Pivlin 
postulate  [10]  constitutive  equations  of  the  form 

D(t)  = l a • E(v)(t)  + l c • B(V)(t)  (1.19a) 

v=0  v v=0 

+ (X  (t  ,t  ) -E(t  )dt  + $0(  t,x)  • B(r)dr 

H(t)  = l d -E(v)(t)  + £ b • B(v)(t) 

v=0  ~ v=0 

+ ft  <K(t,i)  • B(t)dT  + [t  ^„(t,t)  • E(x)dx 

J — oo  ~ J —oo  •*.  Z ~ 

where  E(V\t)  = dVE(t)/dtV  and  a , ...»  dv  are  constant  tensors; 
the  kernels  <J>-^  , . . . , ^ are  taken  to  be  continuous  tensor 
functions  of  t and  t which  satisfy  growth  conditions  of  the 
form 

$ (t,t)  < c/(t-x)1+p,  p > 0 (1.20) 

Toupin  and  Rivlin  [10]  also  assume  that  the  dielectric  does 
not  exhibit  aging  and  as  a consequence  it  follows  that  D(t) 
and  H(t)  are  periodic  functions  whenever  E(t)  and  B(t)  are; 
this  latter  result,  when  combined  with  the  hypothesized  growth 
estimates  on  the  kernel  functions,  e.g.  (1.20),  and  early 
results  of  Volterra  on  the  theory  of  functionals  [9],  yields 
the  conclusion  that  ^ , . . . , depend  on  t and  r only  through 
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the  difference  t-T  (the  converse  of  this  result  is  also  l rue). 
Toupin  and  Rivlin  110]  then  prove  that  if  the  dielectric 
exhibits  holohedral  isotropy,  i.e.,  if  it  admits  as  its  group 
of  material  symmetry  transformations  the  full  orthogonal  group, 
then  E(t)  may  be  eliminated  from  (1.19b)  and  B(t)  may  be 
eliminated  from  (1.19a);  for  a holohedral  isotropic  dielectric 
the  constitutive  equations  (1.19a),  (1.19b)  are,  therefore, 
reducible  to  the  uncoupled  set 

n , . 

D(t)  = l a ElVJ(t)  + / d>(t-T)E(T)dT  (1.21a) 

v = 0 v 

H(t)  = l b B(v)(t)  + /t  ^(t— T )B(t ) dx  (1.21b) 

\)  = 0 

where  cj.  = 4>-^,  ^ and  where  (due  to  the  assumption  of 

holohederal  isotropy)  av , bv , 4> } and  4^  are  all  proportional 
to  the  identity  tensor  and  thus  appear  as  scalars  in  (1.21a), 
(1.21b). 

In  this  paper  we  will  examine  the  special  case  of  (1.21a), 
(1.21b)  which  corresponds  to  the  assumptions 

(H3)  av  = 0,  bv  = 0,  v £ 1 

(H2)  E(t ) E 0,  B ( t ) e 0,  - » < t < 0, 

namely , 

(1.22a) 


U(t)  = aQE(t)  + /p  <f>(t-T  )E(t  )dx 
H ( t ) = bQB(t)  + /p  4/  (t-r  ) B(  t )dx 


(1.22b) 


This  special  case  of  a holohedral  isotropic  non-conducting 
material  dielectric  still  embodies  a separation  of  electric 
and  magnetic  effects  in  the  constitutive  theory  but  generalizes 
the  Maxwell -Hopkinson  theory  in  that  magnetic  memory  effects 
are  taken  into  account  through  the  presence  of  the  kernel 
function  iHt).  In  the  next  section  we  will  formulate  an 
initial-boundary  value  problem  for  the  electric  displacement 
field  D(t)  in  a holohedral  isotropic  dielectric;  provided 
i|)(0)  i 0,  D(t)  will  be  shown  to  satisfy  a ( non-homogeneous ) 
damped  integrodif ferential  equation.  By  introducing  suitable 
Hilbert  spaces  and  operators, the  initial -boundary  value 
problem  for  D(t)  is  easily  demonstrated  to  be  equivalent  to 
an  initial  value  problem  for  an  abstract  damped  integro- 
differential  equation  and  growth  estimates  for  specific 
classes  of  solutions  to  this  abstract  problem  are  then  obtained 
by  employing  a suitable  logarithmic  convexity  argument.  When 
D(0)  f 0 the  growth  estimates  obtained  depend  on  hypotheses 
concerning  the  relative  magnitudes  of  certain  measures  of  the 
size  of  the  initial  data  (e.g.,  the  initial  energy)  and  the 
strong  operator  norm  of  the  kernel  of  the  relevant  integral 
operator;  in  each  case,  however,  the  basic  hypothesis  employed  is  a 
coerciveness  assumption (on  the  initial  value  of  the  kernel  of 
the  integral  operator)  of  the  type  represented  by  (1.4a),  (1.4b). 

? . An  Initial-Boundary  Value  Problem  for  Holohedral  Isotropi c 
Dielectrics 

Let  (xT,t)  be  a fixed  Lorentz  reference  frame;  the  local 
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forms  of  Maxwell's  equations  are  then  given  by  (1.7a),  (1.7b). 

3 

Let  ft  c_  P.  be  a bounded  region  with  boundary  9ft  and  assume 
that  9ft  is  sufficiently  smooth  so  that  the  divergence  theorem 
may  be  applied.  Finally,  assume  that  ft  is  filled  with  a 
holohedral  isotropic  non-conducting  dielectric  material  which 
is  non-def ormable  and  which  satisfies  hypotheses  and 
of  §1;  in  ft,  therefore,  the  electromagnetic  field  satisfies 
constitutive  relations  of  the  form  (1.22a),  (1.22b)  where  we 
assume  that  aQ  > 0 , bQ  > 0 and  <j>(t),  ^(t)  are  monotonically 
decreasing  functions  which  are  (at  least)  twice  continuously 
differentiable  on  r0,°o)  with  ip  (t)  a bounded  integrable 
function  on  [0,»).  The  basic  result  of  this  section  is  the 
following: 

Theorem  II. 1 The  evolution  of  the  electric  displacement 
field  D(x,t)  in  any  holohedral  isotropic  non-conducting 
material  dielectric  (which  conforms  to  the  constitutive 
hypotheses  (1.22a),  (1.22b))  is  governed  by  the  system  of 
damped  integrodif f erential  equations 


9 2D . 


9D, 


32D, 


8tr  4 »(0)  sF  - bo  ’(0>f=osi3{K  5^7  - Dd  (2-1) 

a2D  <t) 

* bO  V «t-T)D1(T)  - *0<t-T)6ik6jt  =nd^r->dT 

J ^ 


= boy(t)Di(0)  , i = 1,2,: 


where  c = 1/a  'f'(O)  and  $ (t)  = 4>(t)/a  • 
o o o c 
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Remark  In  (2.1)  $(t)  is  given  in  terms  of  the  memory 
function  <f>  ( t ) by  (1. 14a)  and  (1.14b)  - with  e replaced  by 
a - and  ¥(t)  is  defined  in  terms  of  Mt)  in  an  analogous 
manner,  i.e.,  by  (1.14a)  and  (1.14b)  with  <J>(t)  replaced  by 
\)i(t)  and  e replaced  by  bQ . 

Proof  By  using  successive  approximations  we  may  invert  the 
constitutive  relations  (1.22a)  and  (1.22b)  to  obtain,  respectively. 


:(t)  = — D(t ) + — /n  *(t-T)D(T)dT 


a J 0 
o 


(2.2a) 


S(t)  = r~  H(t)  + — /*  Y(t-T)H(T)dT 
b b ' 0 

o o 


(2.2b) 


with  $(t)  and  T(t)  defined  in  terms  of  ( t ) and  \p(t)  , re- 
spectively, as  indicated  in  the  above  remark.  Now, 
from  (2.2a)  and  the  second  Maxwell  relation  in  (1.7b)  we  have 
div  E(t)  = 0 and,  therefore, 


AE(t)  = - curl  curl  E(t) 


(2.3) 


From  (2.2b),  however,  and  the  first  Maxwell  relation  in  (1.7a) 


curl  E(t)  = 


o 


'MO)H(t) 


(2.4) 


- /*  H*  (t-x  )H(x )dx 


Therefore , 


- curl  curl  E(t)  = r—  (curl  H)  + r—  H'(0)(curl  H(t))  (2.5) 

~ b t b 

o o 


+ (t-T  )curl  H(i)dx 
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¥(0)D 


+ /*  ¥ (t-x)D  (x)dx 

J 0 t ~X 


where  the  second  relation  in  (2.5)  follows  from  the  first 
Maxwell  equation  in  (1.7b).  Combining  (2.5^)  with  (2.3)  and 
then  employing  (2.2a)  we  obtain 

D.  , + no)h  + b fl  r (t-t)D  (T)dT  (2.6) 

~tt  ~t  o ‘ 0 t ~ T 

b b 

= — A D(t)  + — (I  4>(t-x)AD(x)dx 

a - ~ a J 0 

o o 

However , 

/Jj  T (t-x)DT(x)dx  = - /J  H'T(t-x)DT(x)dx  (2.7) 

= - ,i'T(t-x)p(x)  | J 

+ /J  Ytt ( t-x )D(x )dx 

= ¥(0)D(t)  - $(t)D(0) 

+ f"t  V (t-x)D(x)dx 

J 0 tx 

Substituting  (2.7 into  (2.6)  and  using  the  fact  that 
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y (t-f)  = y . . ( t — t ) we  easily  obtain 

T T tt 

D . . + ^(0)0,  + b y ( 0 ) ( I - c A)D(t)  (2.8) 

~tt  ..t  o ~ o ~ _ 

+ b /n(4*.  .(t-x  )I  - 4>  (t-T  )A  )D(t  )dt 
o ; 0 tt  ~ o ~ ~ 

= bQ  y(t)D(0),  on  ft  x [0,°°), 

where  c = 1/a  y(0)  and  $ (t)  = <j>(t)/a  ; this  establishes 

o o o o 

the  required  result. 


Remark  We  are  assuming  that  H'(O)  i 0 so  that  cq  is  defined; 
if  y(0)  = 0 then  the  third  expression  on  the  left  hand  side 
of  equation  (2.1)  reduces  to 


3 2D, 


9x . 3x„ 
3 1 


In  conjunction  with  the  integrodif ferential  equation  (2.8) 
we  consider  initial  and  boundary  data  of  the  form 


P(x,  0)  = D (x),  D (x,0)  = D1(x)J  x c n (2.9) 

and 

D(x,t)  = 0,  (x,t)  e 9(2  x C0,«)  (2.10) 

where  are  continuous  on  ft.  At  this  point  it  is  con- 

venient to  recast  the  initial-boundary  value  problem  (2.8), 
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(2.S),  (2.10)  as  an  initial  value  problem  for  an 

integrodif ferential  equation  in  Hilbert  space.  As  in  [6)  we 

let  C°°(ft)  denote  the  set  of  three  dimensional  vector  fields 
o 

00 

with  compact  support  in  ft  whose  components  are  in  C (ft).  We 

CO 

define  the  Hilbert  space  H to  be  the  completion  of  CQ(ft)  under 
the  norm  induced  by  the  inner  product 

<y,w>H  H ^ft  ViWidY  (2.11) 


while  the  Hilbert  space  H+  is  taken  to  be  the  completion  of 
C°°(ft)  under  the  norm  induced  by  the  inner  product 


3 v . 9 v . 

<Y’Y>h+  e ^ 31T3^T  d? 


(2.12) 


Finally,  H is  the  Hilbert  space  obtained  by  completing 

C°°(ft)  under  the  norm 
c 

8w.  9w.  , 

llvll  = sup  tl/nV.Wjdxl/C/j,  3x7^  dx)]  (2.13) 

weH  + 3 3 

It  may  be  established  that  H+  £ H (both  topologically  and 
algebraically)  and  that  H+  is  dense  in  H;  the  spaces  H,  H+ , H 
which  are  defined  above  are  commonly  denoted  by  L^ft),  H^(ft),  and 
H_1(ft),  respectively.  We  denote  by  u)  the  embedding  constant  for 
the  inclusion  map  i:  H+  -*■  H. 

Operators  L c L(H+,  H_)  and  H(t)  e L?((-00,“);  L(H+,H_)) 
are  now  defined  as  follows: 
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a2vk 

(Lv)i  , bj(0)[co6.k6j4>  -rixT  - 6ijV.l,  y * H + 


(?. ) 4 a ) 


3?vy 

(M(t)y)i  = bo[^(t)6i.v.  - Vt)6ik6jf 


V £ H , 


t £ ( -»  ,oo) 


(2.14b) 


It  follows  directly  from  the  definitions  (2.11)  - (2.13),  (2.14a), 
(2.14b)  and  the  smoothness  assumptions  on  the  memory  functions 
<h(t),  ijj(t)  that 

(i)  L £ Lg (H+ , H_ ) , M(t)  £ Lg(H+,  H_ ) , t £ (-»,») 

(ii)  M (•)  £ L2  ( ( -<*> , «■ ) ; L (H+  , H_)) 


where  L„(H  , H ) denotes  the  space  of  all  symmetric  bounded 

O ' ” 

A 

linear  operators  from  H+  into  H_  and  M is  the  strong  operator 
derivative  of  M(»).  Using  the  definitions  of  H,  K+ , H_  and 
the  operators  L,  M(t)  given  above  we  may  rewrite  the  system 
(2.1),  (2.9),  (2.10)  in  the  form 


D + ¥(0)D  - LD  + /J  M(t-T)D(T)dT 


b v(t)r 

o ~o 


(2.15) 


D(0)  = D , D . (0 ) = D,  (2.16) 

~o  ~t  ~1 

where  DQ , T>1  e H+  and  D £ C?([0,»);  H+)  with  Dt  £ C1([0,«);  H+) 
and  £ C([0,<»);  h ).  Actually,  we  shall  be  interested  in 

solutions  of  (2.15),  (2.16)  on  1 inite  time  intervals  of  the 
form  [ 0 ,T ) where  T,  0 < T < ®,  is  an  arbitrary  real  number*, 


J 
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this  suggests  that  we  examine  the  following  absi  pact  inili.il 

value  problem:  Let  H,  H+  be  Hilbert  spaces  with  inner  products 

<,>  and  <,>+>  respp'  ively>and  assume  that  H+  £ H (algebraically 

and  topologically  i i th  H+  dense  in  H:  define  H as  in  (1.2). 

2 

We  consider  solutions  u e C (TO,T);  H+ ) of  the  system 

u - au  - Lu  + /^  M(t-t)u(t)dT  (2.17) 

= B(t)u  , 0 < t < T 

u(0)  = u , u (0)  = u,  (u  , u e H ) (2.18) 

~ ~o  ~t  ~ 1 ~o  - 1 + 

where  a i 0 is  an  arbitrary  real  constant,  6(t)  is  any  real- 
valued  function  such  that  S(t)  exists  a.e.  on  [0,T)  and 

(i ' ) L e lg(H+  , H_) 

( ii » ) M ( • ) , Mt(.)  c L2 ( [0 ,T) ; Lg( H+ , H_)) 

We  assume  that  u^  < C^([0,'T);  H+)  and  u ^ e C([0,T);  K_). 

In  § 3 we  will  derive  some  growth  estimates  for  solutions 
u(t)  of  the  system  (2.17),  (2.18),  which  lie  in  a certain 
uniformly  bounded  subset  of  C ( ■ 0 , T ) ; H+);  our  estimates  will 
be  obtained  under  various  combinations  of  the  following 

(>  o)  (-  0 ) [ = 0,  0 < t < t" 

hypotheses:  a ■s  u \ > and  g(t)  < 

[<  oJ  0 J [*  0,  on  fO,T)J 


Tn  §4  we  will  apply  our  results  to  the  system  consisting  of 
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I 


(2.1),  (2.9),  and  (2.10);  at  no  point  in  this  work  do  we  make 
any  definiteness  assumptions  on  the  operators  L or  M(t),  t c [0,T). 

3 . Some  Growth  Estimates  for  a Damped  Integrodiff erential  Equation 

We  begin  with  some  preliminary  definitions.  Let  N > 0 
be  an  arbitrary  positive  real  number  and  let 

W = (u  e C2 ( [ 0 ,T ) ; H.)  I sup  I I u | | < N) 

[0  ,T ) ~ 

2 • • • 

Let  K(t)  = % I I ut M denote  the  kinetic  energy  associated  with 

solutions  u of  the  system  (2.17),  (2.18)  and  P( t)  = -^<u,Nu> 

the  potential  energy;  then  E(t)  = K(t)  + P(t)  is  the  total 

energy.  Finally,  let  y and  t be  arbitrary  non-negative  real 

numbers  and  define 

F(t ; y»t  ) 2 I I u( t ) | I 2 + Y ( t+t  ) 2 , 0 < t < T (3.1) 

o ~ o 

The  various  growth  estimates  we  derive  in  this  section 
all  follow  from  the  following  basic 

Lemma  Let  u e II  be  any  solution  of  (2.17),  (2.18)  and  suppose 
that  M(0)  satisfies 

— < v , M(0)v>  > k M v | I 2 . Vy  c H+  (3.2a) 
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with 


k 2 yT  sup  I |M 
[ 0 ,T ) ~t 


L(H+,H_) 


(3.2b) 


Then  there  exists  p > 0 such  that  for  all  t,  0 < t < T 

FF"  - F' 2 2 -2F(2E(0)  + p)  + aFF’  (3.3) 

- 2aF(y(t+t  ) + 4f*  K(x)dx) 
o 0 

+ 2F(2 /*  6(x)<u,uQ>dx  - B(t)<u,u  >) 

+ 4FB(0) | |u  I I 2 
- o 


Proof  From  the  definition  of  F(t;Y>tQ),  i.e.  (3.1),  we  easily 
compute 


and 


F'  (t ;Y  »tQ) 
F"(t;Y,to) 


2<u , u > + Y ( t+t  ) 
~ ~ t o 


2 I |u  I I L + 2a<u,ut> 


+ 2<u , Lu>  - 2<u,  /q  M(t-x)u(x)dx 
+ 26(t)<u,uQ>  + 2y, 


(3.4) 

(3.5) 


where  we  have  made  use  of  (2.17)  in  (3.5).  Using  the  definitions 
of  K( t),  E(t),we  may  rewrite  (3.5)  in  the  form 


F"(t;Y,to) 


2a<u,u^>  + 2B(t)<u,uQ> 
2<u,  /q  M(t-x)u(x)dx 


(3.6) 


+ 


4 ( 2 K ( t ) + Y>  - 2 ( 2E (0 ) + y)  - 4(E(t)  - E(0)) 
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However,  for  any  i,  0 < x < t ^ T 


E'(x)  = 


<u  ,u  > - <u  , 
~x’ 


Lu> 


(3.7) 


= a II u II  + B(x)<u  , u > 
~t  ~x  ~o 


- <UT s / q M(t-o )u(o)da> 


where  (3.7^)  follows  by  taking  the  inner  product  (in  H)  of 
(2.17)  with  u . Therefore, 


E'(t)  = 2aK(x ) + B(t)<u  ,u  > (3.8) 

~t  ~o 


- <u(t),  /p  M(T-a)u(o)dc> 


+ <u(t),  /q  ( x-c )u( o ) da> 


+ < u ( t ) , M(0)u(t)> 

Integrating  this  last  result  from  zero  to  t and  substituting 
for  E(t)  - E( 0)  in  (3.6)  we  obtain 


F"(t;Y»tQ)  = 2a<u,u^>  + 2B(t)<u,UQ> 

+ 2<u,  /J  M(t-x)u(x)dx> 

+ 4(2K(t)  + y)  - 2 ( 2 E (0 ) + y) 

- 8a  /p  K(x)dx  - 4/p  B(t)<ut,  uQ>dT 

- 4/p  <u ( t ) , / p Mt (x-o)u(a)do>dx 

- 4/p  <u ( x ) , M(0)u(x)>dx 


(3.9) 
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Therefore , 


FF" 


F'2  = 4F(2K(t>  + y)  - f'2  - 2F(2E(0)  + y) 
+ 2aF(<u,u1_>  - K(-r)dx) 

+ 2F(B(t)<u,u  > - 2/*  B(x)<u  ,u  >dx) 

~~0  ;0  -T-O 

+ 2F<u,/q  M(t-x )u(t )dx> 

+ 4F /p  <u(x),  /q  Mt (x-a)u(a)dcr>dx 


- 4F/J  <u(x) , M(0)u(x )>dx 


(3.10) 


However,  from  (3.1),  (3.4),  the  definition  of  K( t),  and  the 
Schwarz  inequality  it  follows  that 


G(t;Y,tQ)  5 
and,  therefore, 


4F(t ;y,t  )(2<(t)  + y)  - F'2(t;Y,to)  ^ 0 
(3.10)  yields  the  inequality 


(3.11) 


FF” 


F'2  > - 2F( 2E (0)  + y) 


+ aF( ~ | |u||2  - 8/p  K(x)dx) 

+ 2F(2 /p  B(x)<u,uo>dx  - B(t)<u,uQ>) 
+ 4FB  (0)  Mull2 


+ 2F  <u,  /p  M(t-x )u(x )dx> 

- 4Fjp  <u(t),  /p  (x-a)u(a)da>dx 

- 4 F/ p <u(x),  M(0)u(x)>dx 


(3.12) 
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If  we  make  note  of  the  fact  that 

lul I2  = F'(t;Y,t0)  - 2y(t+to) 
then  we  can  rewrite  (3.12)  in  the  form 

FF"  - F'2  > - 2F ( 2E (0 ) + y)  + aFF'  (3.13) 

- 2aF (y (t+tQ)  + 4 /*  K(x)dx) 

+ 2F ( 2/^  6 (x ) <u  ,u  >dx  - B ( t ) <u ,u  >)  + 4FB(0)llu  II 
•'Ll  ~~o  ~ ~o  ~o 

+ 2F<u,  /q  M(t-T )u ( t )dx> 

- 4F/g  <u(x),  Jq  (x-a)u(cr)da>dx 

- 4F  /q< u(x),  M(0)u(x)>dx 

In  order  to  complete  the  proof  of  the  Lemma  we  now  use  the 
hypotheses  (3.2a),  (3.2b)  and  the  fact  that  u e W to  bound, 
from  below,  the  sum  of  the  last  three  terms  ir.  (3.13).  First 
of  all 

t 

I < u , Jc  M(t-x )u(x  )dx>  | 

< | |u(t ) | | /jj|  I K ( t-T  ) u ( x ) I Idx 

S 05llu(t)||+  /q  ( | |M(t-x  ) I ! £ (H  H ))  I ju(x)  | |+dx 

< toT(  sup  ||u||.)2  sup  ||  M ( t ) | | . . 

10, T)  ~ [ 0 ,T ) ~ 

< (i)N2T  sup  | |M(t ) I I , H v 

LC,T)  ~ L(H+’  - 
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and  thus,  as  F(t;Y>t  ) > 0,  0 < t < T, 


2F<u,  M(t-x )u(x )dx> 


(3.14b) 


> - 2wN2T  sup  ||M(t)ll,/p  u ->F(t;Y,t  ) 
[0  ,T ) ~ MH+’  - o 


Also  , 


(3.15) 


- 4F/q<u(t),  M(0)u(x)>dx 
> 4 »cF/ q I I u(x  ) | | 2 dx 

4u)T  sup  I I M | | H J/J  I |u(x)  | |2  dx  * 

[ 0 ,T ) MH+’-)  0 ~ 

by  virtue  of  (3.2a)  and  (3.2b).  Finally, 

Jq  <u(x),  Jq  Mt (x-o )u(o )do>dx 

< /p|<u(x),  Jq  MT(x-a)u(o)do> |dx 


< /*|  |u(x) I I (/J( ||Mx(x-o) I lL(H  })|  |u(o)|  |+da)dx 

£ 0)  sup  I |M.  | I , H |u(t)|  l.(/Il  |u(a)  I |da)dx 

[ 0 ,T ) 0 ~ 0 ~ 

« u>  sup  I IM  I I , . H ^ ( /n  I I u(x  ) I I dx  ) 2 
[ 0 ,T ) ~t  UH+’  - 0 ~ 

< uT  sud  IIN.II,,,,  p ,/*||u(x)l|2  dx 

[0  ,T ) L(H+’H-)  0 ~ + 


from  which  we  easily  deduce  that 


(3.16a) 


L 
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- 4F/q<u(t ) , K (x-o)u(o)do>dT 


(3.  t 610 


> - 4 ojT 


[0 


Combining  (3.13)  with  the  estimates  (3.14b),  O.lSj)  and 


(3.16b)  we  obtain  the  required  result,  i.e.,  the  estimate 
(3.3)  with 


V = 


Y + wN  T sup  I I M ( t ) I | . , „ „ v 

[0  ,T)  ~ L(H+,H_) 


(3.17) 


Q.E.D. 


With  the  preceding  Lemma  as  a starting  point  we  now 
begin  our  study  of  the  growth  behavior  of  solutions  to  (2.17), 
(2.18)  which  lie  in  the  class  W;  in  each  of  the  cases  examined 
below  we  assume  that  M(0)  satisfies  (3.2a)  for  some  < > 0 which 
satisfies  (3.2b) 


Case  I:  u =0  and  a < 0 
~o 


In  this  case  E(0)  = h\  | u^ | | and  the  second  expression 
on  the  right-hand  side  of  (3.3),  being  non-negative,  may  be 
dropped.  Therefore, 


FF 


" - F'2  > - 2F(  | |u  II  2 + y)  - | ex  | FF* 


(3.18) 


for  all  t,  0 < t < T,  where  u is  given  by  (3.17).  However, 


for  y,  t arbitrary  nonnegative  real  numbers. 


1 
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Xyt2  < XI  I u( t ) | | 2 + Xy(t  + to)2  H XF(t  ;Y  >tQ)  (3.39) 

for  any  X £ 0.  If,  in  particular,  we  choose 

2(|  | u | | 2 + y) 

X = X ( y ;t  ) = (3.20) 

O .1 

Yto 

then  for  all  t,  0 < t < T,  and  all  nonnegative  real  numbers 
to 

2(||u1M2  + y)  < X(Y;tQ)F(t;Y.to)  (3.21) 

and  (3.18)  may  be  replaced  by  the  estimate 

FF"  - F ' 2 z - \(y,to)T2  - lotlFF'  (3.22) 


The  differential  inequality  (3.22)  now  forms  the  basis  for 
the  following  growth  estimate: 


Theorem  III . 1 Let  u e N be  any  solution  of  (2.17),  (2.18) 

with  u =0  and  a < 0.  Assume  that  M(0)  satisfies  (3.2a), 

~o 

(3.2b)  and  that  T > 1 / | ot  | . Then  there  exist  real  constants 
X > 0 and  A > 0 and  a real-valued  function  g(t)  £ 0,  0 < t < T, 
such  that 


rg(t) 


u 


£ Ae 


(3.23) 


F urthermore , 
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1 


(i) 

g(0) 

(ii) 

g(t) 

= 0,  lim_  g(t)  = 0 

, . . . . (-increasing-,  c 

is  (strictly)  monotomcally  {decreasing}  for 


Proof  From  (3.22)  and  Jensen's  inequality  we  obtain  the 
estimate , 

^ t ^ ^ ^ ^ ^ 

F(t  ;y  ,t  ) < elal  [F(t.;y,t  )eT°T  X]  [F(t„ ;Y ,t  )e 1 a 1 2]  (3.24) 

O 1 O i o 


(valid  for  0 < tj  < t ^ tj  < T)  where 


«(t>  = <e-|a|t  - - e‘lalt2)  (3.25) 


The  interval  ft^,t  ] c_  [0,T)  is  any  closed  interval  such  that 
F(t;Y,tQ)  > 0,  t^  < t < t^.  However,  it  is  a simple  con- 
sequence of  (3.24)  and  the  definition  of  Fft^Yj^  ) that 
F(t;Y,tQ)  H 0 on  T0,T)  if  F(t;Y»tQ)  = 0 for  any  t e [0,T). 
Thus,  without  loss  of  generality,  we  may  assume  that 
F(t;y»t  ) > 0,  0 < t < T.  Taking  t^  = 0,  = T in  (3.14) 

we  obtain 


-X 


F(t  ;Y »tQ)  ^ e a [Yt^]6[F(T;Y,to)elal  ] 


T 1-6 


where 


la  |t 


e"|a|T)/(l  - e"la|T) 


(3.26) 


6 ( t ) = (e 


(3.27) 
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1 

1 

4 


We  now  choose  y = l/tQ  and  then  take  the  limit  in  (3.26)  as 

t -*  +°°.  Clearlv,  as 
o 


F(t;  1/t2,  t ) = | | u(t ) | | 2 + (ir-  + l)2 
o o ~ t 

o 


lim  F(t;l/t2,t  ) = | |u(t)  | I 2 + 1 

t -++OC  ° ° 

O 


for  all  t c [0,T).  Also 


lim  F(T;l/t2,to)  = lim  (||u(T)||2  + i — + l)2)) 

t -*•  + » t ->-  + oo  O 

o o 

2 2 

< UN  + 1 


( 3 .28a) 


(3.28b) 


as  u e N.  Finally 


lim  X(l/t2  ;t  ) = lim  2(Mu.||2  + 1/t2  + u) 
. , o o . , ~1  o 

t ->-  + CO  t -+  + oo 

O O 


(3.28c) 


= 2(|  | u1 1 | + W)  = X 


2 

where  p = u)N  T sup  I | M( t ) I I . „ n • Thus  , with  y = 

[ 0 ,T ) ~ LCH+’  - 

t +°°  in  (3.26),  we  obtain  the  estimate 

X 


1/t  and 
o 


2 TbTT  g(t) 

I u ( t ) M ^ Ae  a 


0 < t < T, 


(3.29) 


where 


and 


. , 2 2 A . 1-6 (t ) 

A = sup  (to  N +1) 

fO,T) 


(3.30) 


g(t)  = T( 1-6 ( t ) ) - t 


(3.31) 
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From  the  definition  of  <5(t)  it  is  clear  that  g(0)  = 0 and 

1 im  g(t)  = 0.  Also 
t-*-T- 


so 


Thus 


_i  | ~ I a 1 1 

6'(t)  = ^ _^a[T  <0,  0 < t < T, 

g'(t)  = -T6 ' (t ) - 1 = T | 6 1 ( t ) | - 1 


(3.32) 


(3.33) 


g'(t) 


f < o" 

) ! 

r <i/t) 

= 0 j 

if  and  only  if  |6'(t)l  •< 

= 1/T  V 

1 i 

[ > 1/T  j 

(3.34) 


However , 


I 6 ' ( t ) I = lale',a,t/(l-e~,a,T) 


so 


|S’(t)l  < 1/T  <=>  I a I e~ 1 a 1 1 < i(l-e" 


From  (3.35)  it  follows  directly  that 


a | T, 


(3.35) 


I 6 ? ( t ) | < 1/T  <=>  t > 
provided 


i.  . r ia it  "i 

1 a 1 (l-e-|a|TJ 


I a IT  > 1-e 


- lolT 


(3.36) 


(3.37) 


(and  this  last  condition  is  certainly  satisfied  if  T > 1 / | at  | ) . 
This  completes  the  proof  of  the  theorem. 

Q.E.D 


Remark  Let  M > 0 be  chosen  so  that 
w?N2  + 1 < Melftl 


(3.38) 


J 
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2 • . 

If  we  again  set  y = l/t‘  in  (3.26)  and  take  the  limit  as 

t -*■+«>  then  we  obtain  the  estimate 
o 

- A 

||u(t)||1 2  < M1_<5e  lotl  , 0 < t < T (3.39) 

2 

which  shows  that  Mull  is  bounded  above  by  an  exponentially 
decreasing  function  of  t for  all  t eTO,T). 

In  contrast  to  the  result  contained  in  the  statement  of 
Theorem  III. 1, and  the  above  remark,  we  have  the  following 
theorem  concerning  lower  bounds  for  solutions  u e N of  (2.17), 
(2.18): 

Theorem  III.  2 Let  u e Sf  be  any  solution  of  (2.17),  (2.18) 

with  uQ  = 0 and  a < 0 and  assume  that  M(0)  satisfies  (3.2a), 

2 

(3.2b).  If  I ot  | < 1 then  there  exists  T > 0 such  that  I lul  I 
is  bounded  below  by  a monotonically  increasing  exponential 
function  of  t,  0 s t < T. 

Proof  We  begin  by  integrating  the  differential  inequality 
(3.22)  according  to  the  "tangent  property"  of  convex  functions- 
assuming  that  F(t;y,tQ)  > 0,  0 < t < T,  where  T > 0 is  an 
arbitrary  real  number  by  the  "tangent  property"  for  convex 
functions  we  refer  to  the  fact  that  the  graph  of  a convex 
function^^  on  [0,T)  lies  above  the  tangent  line  to  the  curve 
at  any  point  t e r0,T).  Thus,  we  obtain  directly  from  (3.22) 
the  estimate 

(1)  The  inequality  (3.22)  and  the  assumption  that  F(t;y,t0)  > 0 

on  [0,T)  imply  that  fn ( F (o  ; y , t ) e ^ a ) is  a convex  function 
of  o = e-'”^  on  T0,T). 
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F ( t ; y ,tQ)  ^ F(0;y; 


C fr'(0;Y,to)  * reTF(0i1'-tc.)) 

;y;t  )exp  . “ J 

/ l | a I F(0  ;y »t_) 


(l-e-|alt) 


l *• 


(3.40) 


However,  F(0;y,to>  = yt2  and  F'(0;y,to)  = 2ytQ.  Therefore, 

2 

if  we  set  y = 1/t  in  (3.40)  we  obtain 

o 


| | u ( t ) | I 2 + [t/tQ  + l]2  > expf  x(t ;tQ) ] , 0 < t < T (3.41) 


where 


x<t;to> s Toi  [(i;  * 


-I  o A (1/t  ;t  ) . 

1 r, 2 . o o_)(1_e-|a|t)  _ A(l/tl;tjt:»  (3.42) 


a I 


.2 
o o 


and 


A ( 1/t 2 ; t ) = 2 ( I I un  I I 2 + K-  + u2N2T  sup  IIM||,(H  „ }) 

o o -1  t2  [0,T)  ~ L'"+»  - 


(3.43) 


We  note,  in  passing,  that  = 0*  ^or  the  sa^e  con- 

venience we  now  set 


«(V  - — lol 

o 


Then 


X’(t;t  ) = e(t  ) e- 1 a 1 1 - A(l/t2;t  ) 

A J r\  r\  O O 


(3.44) 


From  (3.44)  it  follows  immediately  that  x'(t;to)  > 0 


for  0 < t < In 


p<V 


provided  e(t  ) > A(l/t  ;t  ) 
r o o o 


We  now  take  the  limit  in  (3.41)  as  t -*■  +°°  and  obtain 
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I u ( t ) I I + 1 > exp[  lim  )],  0 < t < T 

t -*■+«>  ° 

o 


But 


lim  X(t;t  ) 
o 

t -*  + oo  U 

O 


p-r  T lim  e(t  )(l-e 

|a|  t ° 
o 


- lim  A(l/t  ;t  )] 

t -*  + 00  ° ° 

O 


i_^(1_e"|a|t)  - At  = x<t) 


la  I 


where  A is  given  by  (3.28c).  Also 


t1i:.  x'<t;to)  = ± *ct)  = 

o 


and,  therefore. 


- 1) 


(3 .48) 


(3.46) 


(3.47) 


j 


! 


x'(t)  >0,  0 < t < yij  £n(jij)  (3.48) 

if  la  I < 1-  The  statement  of  the  theorem  now  follows  with 

T = T^T  ln(  uTT5  ’ 1-e'  * 

| | u ( t ) | |2  + 1 > exp(x(t)),  0 < t < fn(-j-^y)  (3.49) 


where  y(t),  as  determined  by  (3.46-) 
monotonically  increasing  on  fO,  -p-r 


, is  nonnegative  and 

fnt-i-p)). 
la  I 


Q . E . D . 


Remark  In  deducing  the  differential  inequality  (3.18)  we  took 
advantage  of  the  hypothesis  that  a < 0 to  drop  the  expression 


j 


H(t;Y;tQ)  = - 2aF(y(t  + tc)  + 4/*  K (t )dt ) 


(3.  MO 


from  (3.3);  if  we  retain  this  expression  in  (3.3)  then  the 
upper  bound  obtained  in  theorem  III.l  may  be  sharpened  some- 
what. In  order  to  show  this  let  us  note,  first  of  all  that, 
as  uq  = 0 , 

u ( t ) = /*  u^(T)dT,  0 < t < T (3.51) 


We  have,  therefore,  the  estimates 


I | u ( t ) | | 2 < (/q | lu^ (t ) I I dr  ) 2 


< t/g  | | UT  (t  ) | I 2dt 

- T/ol 1 |2dx 


(3.52) 


But 


I u(t)  II2  = F(t;y,to)  - y (t+tQ)2 


(3.53) 


> F(t ;y ,tQ)  - y(T+to)  , 


so  for  any  t e [0,T) 


r0,  1 UT  t T > | |2dT  > i|  |u(t)  I I 


(3.54) 


> i r(f,y,to) 


x <T-V2 


Therefore,  from  (3.50)  and  the  assumption  that  a < 0 we  obtain 


the  lower  bound 
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H(t  ;Y  ,tQ)  = 2 la|F(y(t+t  ) + II  UT  ( t ) I I ?c!t  ) ( 3 . bh) 

> F2  - 2 F ( 2 1 ° 1 (T+tQ)  2 - |a|yto> 

From  (3.3)  (with  u = 0,  a < 0),  (3.50),  and  (3.55)  we  now 

~o  ~ 

obtain  the  differential  inequality 

2 

FF"  - F'2  > - 2F(||u1l|2  + G)  + 4 1 “ 1 F-  - I a I FF 1 , (3.56) 

where 

y = Y[1  - |a|to  + (T+to)2l  (3.57) 

+ u)N2T  sup  | | M ( t ) | | . „ » (3.57) 

[ 0 ,T ) ~ L(H+,H_) 

By  virtue  of  the  same  reasoning  which  led  to  (3.22)  we  have 
the  following  result:  If 

2(||u, II2  + S) 

A(y;t  ) = — — j (3.58) 

^o 

then  F(t ;y  >tQ)  satisfies,  for  all  t e [0,T), 

FF"  - F'2  > - (X(yjt0)  - ^iJ^Lj-)F2  - | a I FF ' (3.59) 

and,  as  a consequence, we  obtain  the  estimate 


- A 


4t 


-4t. 


F(t;y,to) < e 1 “ 1 eT  [ F ( t 1 ; y , tQ ) e 1 “ 1 1e  T ]6(t) 

I -4t„ 


(3.60) 


rrf+  . . % I a I 2 T ,l-6(t) 

[F(t9;y,t  )e  e J , 
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where  6(t)  is  given  by  (3.25)  and  tO,T)  is  any 

closed  interval  such  that  F(t;Y;tQ)  > 0,  t^  ^ t < t^.  With 
the  assumption  that  F(t;y;to)  > 0 on  [0,T)  we  may  set  t^  = 0, 
±2  = T in  (3.60)  and  obtain 


F( t ;y  ,tQ) 


< 


e T [ Yt^] ^ [ F(T ; y 


,t  )e 
o 


(3.61) 


where  <5(t)  is  given  by  (3.27).  We  note,  in  passing,  that  we 

have  dropped,  from  (3.61),  the  factor  e ^ ^ ^ whose  supremum 

2 

on  [ 0 , T ) is  1.  We  again  set  y = 1/t  and  take  the  limit  (in 
(3.61))  as  t -*■  +°°.  Clearly,  (3.28a)  and  (3.28b)  still  apply 
Also,  from  (3.58)  and  (3.57) 


lim  X(l/t^‘,t  ) = X + ^ ^a—  = X, 

t -v  + co  ° ° T 

o 


(3.62) 


where  X is  defined  by  (3.28c).  Thus,  (3.61)  yields 

* X 


i u(t ) | l < Ae 


4(1-6)  |a 


g(t) 


, 0 < t < T 


(3.63) 


where  g(t)  is  again  given  by  (3.31)  while  A is  defined  by 
(3.30).  Our  results  can  be  summarized  in  the  following 
corollary  to  theorem  III.l: 

Corollary  III.l  Let  u c W be  any  solution  of  (2.17),  (2.18) 

with  u =0  and  a < 0.  Assume  that  M(0)  satisfies  (3.2a)  and 
~ o 


JL_ 
I a 


Then  ||u(t)||  satisfies  the 


(3.2b)  and  that  T > 
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estimate  (3.63)  on  [0,T)  where  A is  given  by  (3.30),  5 ( t ) 
by  (3.27),  and  g(t)  = T(l-6(t))  - t satisfies  (i)  and  (ii) 
of  Theorem  II . 1 . 

Remark  In  contrast  to  the  improved  upper  bound  obtained 
above,  retention  of  the  expression  (3.50)  in  (3.3)  does  not 
lead  to  an  improvement  over  the  lower  bound  obtained  in  (3.49). 
This  is  easily  seen  as  follows:  If  we  retain  the  expression 
(3.50)  in  (3.3)  we  are  led  to  consider  the  differential  in- 
equality (3.59)  in  lieu  of  (3.22).  By  the  "tangent  property" 
for  convex  functions  we  again  obtain  an  estimate  of  the  form 
(3.41)  with  x(t;tQ)  replaced  by 


X(t;to)  = 


, „ A ( 1/t  :t  ) 

_i _ciL  + o o 

I a | t I a | 

o 


^(l-e~la!t) 


(3.64) 


-(  A ( 1/ 1 , t ) 
o o 


4 I a I 


■)ti. 


where  A is  given  by  (3.57)and  (3.58).  In  view  of  (3.62), 
however,  it  is  clear  that 

lim  x(t;t  ) = — (1-e  'a^t)  - At 
tQ-*-  + oo  |a  I 

= x(t) 

= lim  x(t;t  ) 

v+oo 

o 

and,  therefore,  precisely  the  same  lower  bound,  i.e.  (3.49), 
is  obtained  as  t -*■  +°°  if  we  retain  the  terms  in  (3.50)  in 
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the  differential  inequality  (3.3). 

Case  II:  u =0  and  a > 0 
~o 

In  this  case  the  expression  (3.50)  can  not  be  dropped 

from  the  differential  inequality  (3.3).  As  t < T and  a > 0, 

(3.3)  with  u =0  implies  that 
~o 

FF"  - F'2  > - 2F(l|u1M2  + y)  + aFF'  (3.66) 

- 2aF(y(T+tQ)  + 2/^1  I I I 2dx  ) 

in  order  to  proceed  further  we  shall  need  the  following 

Lemma  Let  u e W be  any  solution  of  (2.17),  (2.18)  with 

u =0.  Then  there  exists  a real-valued  continuous  function 
~o 

h (t),  defined  for  0 £ t < T,  such  that 

^ /qI  tuT!  |2dx  < I lu1M:  + hQ(T),  0 < t < T (3.67) 
Proof : From  the  identity 

J?t  = f0  ~tt  dT  + “i* 

and  (2.17),  we  easily  obtain  (after  substituting  for  uTT  and 
using  the  assumption  that  uq  = 0) 

ut  = U1  + aU  + /S  Lu(T)dT  - JqJq  M(-r-a)u(o)dodx  (3.68) 


Thus  , 
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i 

i 


lu. 


where 


p (t) 


< I Iu1 | | + a | | u(t ) M + /pllh|lL(H  >H  j I |u(t)  I l+dT  (3.69) 


• /J  /Jl IM(t-o) I lL(H+>H_> I lu(o) I l+dodi 


< llull  + awl  I u(t ) I | + 1 1 | L I I . H v sup  I I u C x ) I I 

-1  + L(H+’H-)[0,T)  ~ 


+ ——  sup  I |M(t)  H >,  sup  | | u ( T ) | I 

2 [ 0 , t ) ~ L(H+’H-;[0,T)  ~ 


S I I u I I + p (t)  sup  I | U ( T ) | I 
a [0,t)  ~ 


Clearly  p (t)  < p (T),  for  all  t e [0,T)  and, as  u e N 
- *a  ’ 

l|utl|  < ||u1||  + Npa(T),  0 < t < T (3.71) 

Therefore  , 

JJ1  |uTl  |2dT  < 2t(||u1M2  + N2p2  (T)),  0 < t < T (3.72) 

and  the  lemma  follows  with 

h (t)  = N2p2(t)  (3.73) 

If  we  combine  (3.66)  with  (3.67)  we  obtain  the 


differential  inequality 
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FF" 


F' 


2 F( 


+ y)  + aFF1 


(3.74) 


where  y > 0 is  defined  by 


V = y + a[y(T+to)  + 4T(|lu1H2  + ha(T))]  (3.75) 

Choosing 

* 2 ( I |u  I 1 2 + y) 

A = A (y  ; t ) = — r (3.76) 

Yto 

we  have 


FF"  - F' 


> - A 


(Y ;t0)F' 


+ aFF' 


0 < t 


T, 


(3.77) 


and  upper  and  lower  bounds  for  I |u(t)|  | may  be  derived  from 

the  differential  inequality  (3.77)  in  a manner  analogous  to 

that  followed  in  analyzing  (3.22);  the  essential  difference 

between  (3.22)  and  (3.77)  is  of  course,  not  the  difference 

in  complexity  between  the  respective  coefficients  of  the 
2 

quantity  F , but  rather  the-  simple  difference  in  the  signs  of 
the  coefficients  of  the  term  FF'. 

If  we  apply  Jensen's  inequality  to  (3.77),  taking  CO,T) 
as  the  relevant  interval,  we  obtain 


(3.79) 
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As  a > 0 , 


* i 

6 (t) 


ae 


at 


1-e 


aT 


< 0, 


0 < t < T 


so 

16“' (t)  I = aeat/(eaT  - 1),  0 < t < T 


C 3 . 80a ) 


(3.80b) 


2 

In  (3.78)  we  again  use  the  device  of  first  setting  Y = l/tQ 

and  then  taking  the  limit,  on  both  sides  of  the  inequality, 

as  t -»■  +00.  Since 
o 

.*■  A A 

lim  x"(l/t  ;t  ) = X + 8aT( llu,  I I + h (T))  (3.81) 

t -+»  ° ° -1  a 

o 


with  X defined  by  (3.28c),  we  obtain 


2 5T  f(t) 

I I u ( t ) | r < Be  , 0 < t < T 


(3.82) 


where  f(t)  = t - (1-6  )T  and 


B = sup  (w2N2  + l)1”6  (t) 

[ 0 ,T ) 


(3.83) 


Remark  If  we  choose  Q > 0 so  large  that 


T 

W N + 1 < Oe  > 


(3.84) 


then  we  obtain  (from  (3.78))  the  estimate 


\ 


I u ( t > | | 2 < Q1- ^ ea 


, 0 < t < T 


(3.85) 


If,  of  course,  there  exists  T >0  such  that 

o 


(u?N2  + l)ea  T° 


< 1 


(3.86) 


then  (3.85)  may  be  replaced  by  the  much  simpler  estimate 

_* 

2 - t 

I |u(t) I r < e“  , 0 < t < T 


(3.87) 


We  now  return  to  (3.82).  Directly  from  the  definition 
of  f(t)  (and  (3.80a)) 


f'(t)  = 1 + T<5  ' ( t ) = 1 - T I 6 " ' ( t ) I , 0 < t < T 


(3.88) 


Therefore  > 


f ' (t) 


C<  O' 
= 0 
.>  0 


(>  l 

T 


if  and  only  if  1 6 (t)|\ 


1 
T 

(<  i 


(3.89) 


But  by  (3.80b) 


A ' fv-f-  1 f,T 

16  ( t ) | < 1/T  <=>  ae  < ^ (ea  - 1) 


(3.90) 


and  the  latter  inequality  is  satisfied  if  and  only  if 


i aT 

1 < a TT-1 


(3.91) 


(Note  that  m(t)  =et-t-l>0  for  all  t > 0 so  that,  in 
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CL  T 

particular,  e - 1 > aT  for  a > 0).  As  f(0)  = 0 and 

lim  f(t)  = 0 we  can  summarize  our  results  in  the  following 
t-T" 
theorem: 

Theorem  III.  3 Let  u e M be  any  solution  of  (2.17),  (2.18) 

with  u =0  and  a > 0.  Assume  that  M(0)  satisfies  (3.2a) 

~o 

and  (3.2b).  Then  for  all  T > 0,  ||u||  satisfies  (3.82)  where 
X and  B are  defined,  respectively,  by  (3.81)  and  (3. 83), and 
f(t)  is  a nonnegative  real-valued  function  which  satisfies 


( i ’ ) f (0)  = 0,  lim  f(t)  = 0 
t+T" 

( i i ’ ) f(t)  is  (strictly)  monotonically 

decreasing 


aT 


for  {.  } — £n[- 

t > a 


aT 


-] 


To  close  out  our  study  of  the  case  uq  = 0 , a > 0 we 
integrate  the  differential  inequality  (3.7)  according  to 
"tangent  property"  of  convex  functions  and  we  obtain  the 
estimate 


F(t ;y  ,tQ) 


2yt 


£ yt  exp 


A 2 ' 

— Yt 
a o 


,,  at . 
(1-e  ) 


-ayt' 


now 

the 


(3.92) 


. 2 * * 2 

which,  with  y = 1/t  , A = A (1/t  ;t  ),  reduces  to 
' o o o 


* * 

I |u(t)  | | 2+(f~  + D?  ^ exp  r {^2  - --)•  ( l-eat ) + — t ) 
o a o 


(3.93) 


Were  we  to  follow  the  arguments  previously  employed  we  would, 
at  this  point,  take  the  limit  in  (3.93)  as  t +». 


If  we 
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I 


proceed  in  this  fashion,  however,  wc  obtain 

_* 

I | u(t ) | ! 2 + 1 > exp  [—  ( =;  n-eat)  + t ) 1 (3.94) 

a a 

But  x(t)  = i (l-eat)  + t satisfies  y(0)  = 0 and 
a 

X'(t)  = - eat  + 1 < 0,  0 < t < T,  (3.95) 

if  a > 0.  Thus 


_ * 

exp  [—  ( — (l-eat)  +t]<l,  0<t<T 
r a a * 

which  means,  of  course,  that  the  estimate  (3.94),  obtained 

from  (3.93)  by  letting  t -*■  +o°,  is  without  any  value  as  far 

2 

as  obtaining  a lower  bound  on  ||u(t)||  goes.  An  exponentially 

2 

increasing  lower  bound  could  be  obtained  for  ||u(t)||  from 
(3.93)  if  we  could  find  t (real  and  nonnegative)  such  that 

tQ  A*(l/t^;t  ) = 2a,  (3.96) 

however,  a little  algebra  shows  that  this  equation  possesses 
only  pure  imaginary  roots.  In  fact,  if  we  rewrite  the  estimate 
(3.92)  in  the  form 

I |u(t)  | | + y( t + t )2  £ yt2  exp  f { Kr  - } • (1 -eat ) + — t ] (3.97) 

~ o o t at  a 

a o 

* a 

where  X = X (y;t  ) is  defined  by  (3.75),  (3.76),  and  (3.17), 
then  it  is  not  possible  to  determine  y = y(t  ) such  that 


r 
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t A (y(t  ) ; t ) - ?a 
o o o 


(3.98) 


with  y(to)  real  and  nonnegative.  It  is  worthwhi le , however, 


to  examine  the  function 


J (t  ;y  ,tQ)  - (- 


A (y;t  ) 


at 


o A (y;t  )+ 

2 ) • ( l-eat ) + ° 1 


o 


a 


(3.99) 


Clearly,  J(0;y,to)  = 0 for  arbitrary  nonnegative  constants 

y,  t . Also 
o 


y A (y;t  ) A ' ( y t ) 

J’(t;y,t  ) = — ) eHt  + ^ 

o t ci  n 


(3.100) 


from  which,  by  the  definition  of  A , it  follows  that 


ay  t 


( — j-^)  J ' (t  ;y  , tQ  ) = (k^  + k?y)(l-eat)  + ayto 


where 


k,  = llu.lPd  + 4aT)  + p + 4aTh  (T) 
I a 


k2  = 1 + aT 


Thus , if  we  choose 


(3.101) 

(3.102a) 

(3.102b) 


t = t E — (eal  - 1),  y > 0 

o o,y  ay 


then  J'(t;y,t  ) > 0 for  all  t,  0 < t < T,  and  each  real 
® )! 

y > 0,and  we  can  state  the  following  result: 


Theorem  Til.  4 Let  u e W be  any  solution  of  (2.17),  (2.18) 


(3.103) 
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with  u =0  and  a > 0 and  assume  that  M(0)  satisfies  (3.2  a ) , 

~ o 

(3.2b).  Then  for  any  T > 0 and  each  real  y > f1 

I | u C t ) I I 2 + y(t  + t )L  > yt2  exp[J(t;y,t  )],  0 < t < T, 

o,y  °,t  o,  y 

where  t is  defined  by  (3.102a),  (3.102b),  and  (3.103)  and 

I 

J(t;y,t  ),  defined  by  (3.99)  with  t = t , is  nonnegative 
and  strictly  monotonically  increasing  on  [0,T). 

The  results  obtained  in  cases  I and  II  did  not  involve 
any  hypotheses  concerning  the  sign  of  the  initial  energy 

2 

E(0);  as  we  assumed  u^  = 0 in  both  cases,  E(0)  = hi  |u-^|  | > 0 

if  Uj  / 0.  In  the  cases  considered  below  we  remove  the 

restriction  that  u =0. 

~o 

Case  III : uq  i 0 , a > 0 , and  g(t)  = 0,  0 < t < T. 

In  this  case  (provided  we  use  the  fact  that  a < 0 to 
delete  the  term  H(t;Y,tQ)  defined  by  (3.50))  the  inequality 
(3.3)  reduces  to 

FF"  - F'2  > - 2F(||u1M2  - <u0,LuQ>  + y)  (3 

- la  IFF' 

with  U given  by  (3.17).  We  now  assume  that  the  initial  data 
uQ  , u^  satisfies 

2 

I I ui I I - <UQ  >Lu0><  - y 


(3.104) 


.105) 


(3.106) 
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L 


1 


where  u = wN'T  sup  ||M(t)||...  . . Taking  y = 0 in  (3.105) 

[ 0 ,T ) ~ UH+,H.' 

we  obtain 

F(t)F"(t)  - rF'(t)^?  £ - I ci  | F(t ) F ' (t)  , 0 < t < T,  (3.107) 

2 

where  F(t)  = I lu(t) I I . Jensen's  inequality  then  yields  the 
upper  bound 


lu(t)  | 1 2 < ||uo!]26  | |u(T)|  |2(1'5)  , 0 < t < T, 


(3.108a) 


where  6 ( t ) is  given  by  (3.27).  We  note  that  the  hypothesis 
that  u e N,and  (3.108),  imply  that  there  exists  R > 0 such  that 


I I u ( t ) I I2  < R1  6 I lu  I I25,  0 < t < T 

- ~o 


(3.108b) 


However,  as  (3.106)  can  not  be  valid  for  | I u II  sufficiently 

~o 

small,  (3.108b)  represents  only  an  upper  bound  on  I lu(t) I I 

in  terms  of  | lu  ||  and  not  a stability  estimate.  A better 
- o 

result  is  found  by  integrating  (3.107)  according  to  the  "tangent 
property"  of  convex  function;  in  fact,  directly  from  (3.40) 
with  X = 0 and  F(t;Y,tQ)  replaced  by  F(t)  = I I u ( t ) I 1 2 we  obtain 


I |u(t)  | r a 


exp 


f2<u,  ,u  > , . . ”1 

- -1  , (l-e-|alt)  , 

ioin;0ii  J 


0 < t < T (3.109) 


Directly  from  the  estimate  (3.109)  is  obvious  that  if 

either  <u  ,u,>  = 0 or  u,  =0  (and  <u  ,Lu  > > y)  then 
- O ~ X ~ ~o~~o 
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1 


| |u(t)  | |2  > I I uq I I 2 for  all  t e l 0 ,T ) . On  the  other  hand  , i f 

2 

<u-l,uq>  > 0,then  on  [0,T)  ||u(t)||  is  bounded  below  by  a 

inonotonically  increasing  exponential  function  of  t.  Finally 

2 

if  <uQ,u1>  < 0 then  ||u(t)||  can  not  decay  any  faster  than 
a monotonically  decreasing  exponential  function  of  t.  Our 
results  are  summarized  as 

Theorem  III . 5 Let  u e W be  any  solution  of  (2.17),  (2.18) 
with  uq  i 0 , a < 0 , and  B(t)  = 0 on  [0,T).  Assume  that  M(0) 
satisfies  (3.2a)  and  (3.2b).  Then 

(A)  If  the  initial  data  satisfy  (3.106)  ||u(t)|l  is 

bounded  above  by  | | u M according  to  (3.108b),  for  all 
t e [ 0 ,T ) 

(B)  If  the  initial  data  satisfy  (3.106)  then  there  exists 
K(a)  such  that  for  all  t,  0 < t < T, 

I | u ( t ) I I 2 > ||u  II3  exp[K(a)(l-e|a|t) ],  (3.110) 

where  for  each  real  a,  K(a)  is  real-valued  and 

(i)  K(a)  = 0 if  either  u^  = 0 or  <uq,u^>  = 0 

(ii)  K(a)  > 0 if  <u  ,u  > > 0 

~o  ~ 1 

(iii)  K(a)  < 0 if  <uc »u^>  < 0 

and 

(iv)  | K ( ct ) | -*■  0 as  Inf  -♦  °°. 

Remark  The  case  4 0,  a > 0,  and  8(t)  = 0 can  be  treated 
in  the  same  manner  as  Case  III;  in  fact,  from  (3.74)  (which 
was  derived  under  the  assumption  that  uQ  = 0 with  n > 0)  we 
can  write  down  immediately  the  differential  inequality 


L 


] 


FF"  - F'2  s - 2 F(  | | u | | 2 - <u  , Lu  > + y) 

-I  ~o  ~o 


+ aFF' 


(3.111) 


for  the  case  where  uq  t 0,  a > 0,  but  B(t)  = 0;  in  (3.111) 


y is 


is  defined  by  (3.75)  and  (3.17).  Suppose  we  set  y = 0; 


then  if  the  initial  data  satisfy 


(1  + 4otT)  I | u,  I I - <u  ,Lu  > < - (y  + 4aTh  (T)) 
~1  ~ o ~ ~o  a 


the  above  differential  inequality  reduces  to 


F( t ) F" ( t ) - [F'(t)l  > aF(t)F’(t),  0 < t < T, 


(3.112) 


where  F(t)  = I I u ( t ) I 1 . We  leave  the  integration  of  (3.112) 

2 

and  the  analysis  of  the  resulting  estimates  on  I lu(t) I I to  the 

reader  and  turn,  instead,  to  consider  a case  where  both  u i 0 and 

~ o 

B ( t ) t 0. 

Case  IV  yQ  i 0,  6(t)  t 0,  a < 0 and  > 0 

In  this  case  (3.3)  is  easily  seen  to  imply  that 


rr"  - F'  > - 2F(2g(0)  + y)  - | a | FF 1 


(3.113) 


+ 2F(2 /n  8(t)<u,u  >dx  - g(t)<u,u  >) 


+ 4FB(0) | | u 


= " 2F(2f(0)  - 2g(0)  | |uq | | + y)  - | a I FF ' 


’ F ( 2 p(T)<u,u  >di  - g(t)<u,u  >) 
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In  order  to  proceed  further  we  must  bound  from  below  the 
third  expression  on  the  right-hand  side  of  the  differential 
inequality  (S.llS^);  this  is  accomplished  by  the  following 
lemma : 

Lemma  Suppose  that  B(t)  is  bounded  on  [0,T)  for  each  fixed 
T,  0 < T < °°.  Then  there  exists  a constant  C > 0 such  that 
for  all  t e [0,T) 


B(t )<u  ,u  >dx 
~ ~o 


8 ( t ) <u  ,u  > > - c | | u || 
~ ~o  ~o 


Proof  We  set  p 
|/J  8 (x ) <u( t ) 


so 


= sup  I 8 (t ) | < oo.  Then 
[0  ,T) 

U >dT  I = |</*  8(t)u(t)  dx  , u > 

~o  1 ;0  ~ ~o 


< (/£  I 6 ( t ) I I |U(T) | I dT ) | |uo 

< P(/q | |u(T) | | dT ) | | uq | | 

< PujNT  | |uq|  | 


’0  e(t )<u,uQ>dT  £ 


pusNT ! |uo|  | , 0 < t < T 


Also 


I 8 ( t ) <u , uq> | < I g(t)  | • | <u,uo>| 

^ (v)  N | 8 ( t ) I-  I lu  II 
~ o 

- wN  I /o  P(T>dt  + 8(0)  | | | u I I 
* ujN ( PT  + 8(0) ) | |u  | | 


(3.114) 


(3.15) 


(3.116) 


(3.117) 


1 
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so 

- B(t)<u,u  > > - wN(pT  + 8(0))l|u  II,  0 < t < T (3.118) 

Combining  (3.11^),  (3.116),  and  (3.118)  we  obtain  (3.114) 
with  | 

C = mN(3pT  + 8(0)  ) > 0 (3.119) 

We  now  return  to  (3.1132);  in  view  of  the  last  lemma  this 
latter  inequality  implies  that 

FF"  - F'2  > - 2F( | | u1 | | 2 + £(uq)  + y)  - | a | FF ’ (3.120) 

where  £ : H+  -*  R is  defined  by 

£ (w)  = 28(0)|  | w | | (2B^Qy  - | |w|  | ) - <w,Lw>  (3.121) 

for  any  w £ H . If  we  set  y = 0 then  (3.120)  easily  reduces  to 

F(t)F"(t)  - f F ’ ( t ) 1 2 > - 2F(t)  ( | |u1  | | 2 + £(uq)  + y)  (3.122) 

- I a | F( t ) 

/ ith  F ( t ) = | |u(t)  | |2  and  y = wN2  sup  | 1 M ( t ) | | , „ *) 

[ 0 ,T ) ~ UH+,H_) 

and  we  have  the  following  simple  result: 

Theorem  III. 6 Let  u e N be  any  solution  of  (2.17),  (2.18) 
where  yQ  i 0,  8(t)  t 0,  a < 0,  and  8(0)  > 0.  Assume  that 
M (0 ) satisfies  (3.2a),  (3.2b)  and  that  B(t)  is  bounded  for 

. ■ - «r*.  ■ 

L.  • ■ - ■ M 


0 s t < T.  Then  if  the  initial  data  satisfy 

1 iUf  ||2  + J(uo)  < - u , (3.123) 

where  £ is  defined  by  (3.121),  ||u(t)|[  satisfies  the  estimates 

(3.108)  and  (3.109).  In  particular,  if  u^  = 0 and  £(uq)  s - p 

then  I I u ( t ) I I ^ > | | u ||^  for  all  t,  0 < t < T. 

~ ~o 

Remark  We  leave  to  the  reader  the  consideration  of  the  other 
cases  possible  when  uq  i 0 and  8(t)  t 0,  e.g.»a  < 0 and 
6(0)  s 0;  the  stability  and  growth  estimates  which  apply  in 
these  situations  may  easily  be  derived  by  suitably  modifying 
the  last  lemma  and  making  use  of  the  basic  differential  in- 
equalities derived  for  the  previous  cases. 


Examples  of  Growth  Estimates  for  Electric  Displacement 


Eields  in  Holohedral  Isotropic  Dielectrics. 


In  order  to  apply  the  results  of  the  previous  section 
to  solutions  of  the  initial-boundary  value  problem  (2.1), 
(2.9),  ( 2 . 10 ) (associated  with  the  constitutive  relations 
(1.22a),  (1.22b))  we  must  first  delineate  the  forms  assumed 
by  the  basic  hypotheses  (3.2a),  (3.2b).  In  other  words,  for 
tne  operator  M(t), which  is  defined  by  (2.14b),  we  wish  to 
examine  the  implications  of  the  condition  that 


- <v,M(0)v>h  > tc  I I v | lH 


(4.1a) 


with 
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ic  > u)T  sup  I | M | | (4.1h) 

[ 0 ,T ) L(H+’H_) 

where  the  Hilbert  spaces  H,  H+  are  defined  to  be  the  completions 

°o  . 

of  (2^(0)  with  respect  to  the  norms  induced  by  the  inner  products 
(2.11)  and  (2.12),  respectively,  while  H is  the  completion 

OO 

of  C (0)  with  respect  to  the  norm  (2.13);  0 is,  of  course,  a 

3 

bounded  region  m R with  smooth  boundary  30  and  w is  the 
embedding  constant  associated  with  the  inclusion  map  i:  H+  -*•  H. 
From  (2.14b)  and  (2.11)  we  easily  compute 
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- < v ,M  ( 0 ) v>  = 


? bo  2 

- boY(0)  ||y  | |‘  - ~ 0(0)  | I v | |H 


( ii . in 


2 " 1 2 
> - b (cj  | y(0)  | + — 0(0)  ) Mv  llu 

O 3.  ~ Ml  , 


Therefore,  (4.1a),  (4.1b)  will  be  satisfied  if 


b (cj2  | y(0)  | + — 0(0)  ) > k 
° ao 


(4.5) 


with  k > wT  sup  ||M.  M,,u  u , • For  the  sake  of  convenience 
t o ,t ) :b  L(H+5 

we  now  set  T(t)  = 4*(t).  From  (2.14b)  again  we  have,  for  any 

„<3) 

v £ H+  , 


<^>i  = bo[f!t)6iivj  - ^7  si^u 


(4.6) 


(4.7) 


= IV(t)||yl.lH  " i2  i(t)/n6j£vk  ^73^  d~ 


vj  Z 


= b | T < t ) | | v | | ^ + 0 ( t ) | | v | | J 


< b (w2|f (t)  I + ^-|0(t) | ) | | v | | 2 


It  now  follows  that 


|<v,M.v>|  9 . -i 

,M  ,,  } = sup  --^2—  g b0^2|T(t)l  ^ -10(t)|)  (4.8) 

~t  n H+,H_;  vgH  11v|  o 0 

+ 


(3)  We  assume  that  T exists  and  is  bounded  on  [0,T). 
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for  each  t,  0 s t < T.  Thus,  (4.1b)  will  be  satisfied  if 

< 2:  u)Tb  (m2  sup  |T(t)l  + — sup  |$(t)|)  (4.9) 

° L 0 , T ) ao  [0,T) 

Combining  (4.5)  and  (4.9)  we  find  that  a condition  which 
suffices  for  the  simultaneous  satisfaction  of  (4.1a)  and 
(4.1b)  is 

- ( u)2  I T(0 ) t + — (0 ) ) > wT(w2  sup  ;t(t)|  + — sup  l$(t)|)  (4.10) 

ao  [ 0 ,T ) ao  [ 0 ,T ) 


Remark  It  is  clear,  from  (4.10)>that  the  inequality  can  be 

satisfied  only  if  <J>(0)  < 0 with  I <J>  ( 0 ) I > a «2|T(0)l. 

o 

Recall  now  that  3>(t)  is  defined  in  terms  of  4>(t)  by 
(1.14a),  (1.14b)  while  ¥(t)  is  defined  in  terms  of  \J;(t)  by 

CO 

T(t)  = [ (-l)n^n(t)  (4.11a) 

n = 1 


1 ( t ) = g-  ljj(t) 

o 

ifn(t)  = /*  ^1(t-x)r|)n  1(x)dT,  n £ 2 


(4.11b) 


It  is  worthwhile,  at  this  point,  to  recall  the  following  result 
which  has  been  proven  in  [6]: 


Lemma  Let  4>(t)  c C^[0,T)  and  assume  that  the  series  (1.14a), 


as  well  as  the  derived  series,  which  is  obtained  by  term  by 


term  differentiation,  are  uniformly  convergent  on  every  interval 
[0 ,T-e  1 , 0 < e < T.  If 


a /T  (4.12) 

o 


sup  | <f>  ( t ) | 

+ T ro,T) 

sup  I 4>  ( t ) | 
[0  ,T ) 


- T sup  l4>(t)|)  (4.14) 

[ 0 ,T ) 

Remark  Similar  results  hold  for  sup  l4'(t)|  and  sup  |y(t)|, 

[ 0 ,T ) [ 0 ,T) 

of  course,  under  analogous  assumptions  on  i|>(t)  and  the  series 

(4.11a),  e.g.,  we  require  that  sup  |\|;(t)|  < b /T;  the  constant 

T0,T)  ° 

F(T)  appearing  in  (4.13a),  (4.13b)  would,  in  this  case,  be 
replaced  by 


G(T)  = sup  |^(t)|/(b  - T sup  1 4>(t ) | ) (4.15) 

[ 0 ,T ) ° [ 0 ,T ) 


In  recalling  the  above  lemma  we  have  been  motivated  by 
a desire  to  replace  the  sufficient  condition  represented  by 
(4.10)  by  a condition  which  involves  only  the  basic  memory 
functions  ( t ) , <Mt)  specified  in  the  constitutive  relations 
(1.22a),  (1.22b).  To  this  end  we  note  that  (1.14a),  (1.14b) 


(4.13a) 

(4.13b) 


sup  | ( t ) I < 

ro,T) 


then 


( i ) sup  I $ ( t ) | < F (T ) 
[ 0 ,T) 


( ii ) sup  I $ (t ) | < 
[ 0 ,T ) 


F (T) 


where 


F(T)  = sup  I <p(t  ) I / (a 
[ 0 ,T ) 
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'l 

I 


and  (4.11a),  (4.11b)  imply,  respectively,  that 


• i 


<Mt)  + — <(>  ( t ) = 
ao 


— /*  4> ( t — T )4>(t  )dt 
a ■’0 


(4.16a) 


¥(t)  + g-  i|>(t)  = 
o 


- /q  ^ ( t-T ) ¥ ( T ) dx 

o 


(4.16b) 


The  derivations  of  (4.16a),  (4.16b)  depend  only  on  the  assumed 
uniform  convergence  of  the  series  defining  <Mt)  and  'i'(t). 

From  (4.16a)  and  (4.16b)  we  immediately  obtain 


*(0)  = - 


— 4>  (0  ) , 4'(0) 
ao 


ip(0 ) 


(4.17) 


and  thus  (4.10)  can  only  be  satisfied  if  ((>(0)  > 0.  Directly 
from  (4.16b)  we  now  compute  that 


m)  + r^-  j»(t)  = - — (|»(0)y(t)  - /g^^(t  — x ) 'F  ( x )dT  (4.18a) 

Co  o o 


¥(t)  + iii(t)  = 
bo 


4j(0)'i'(t)  - ^(0)y(t) 

o o 


(4.18b) 


' /o,pttCt“T  )V<T  >dT 

o 


Therefore , 


f(0)  = T ( 0 ) = - g-  (^(0)  + 4j(0)M»(0)  + ^(0)'F(0)) 

o 

However,  from  (4.17)  and  (4.18a), 


(4.19) 


Y(0)  = - 


~ ijj(O)  - ip(0)M/(0)  = 

o o 


- $(0)  + ~ \p2(0) 

° bo 


(4.20) 
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Combining  (4.17^)  and  (4.20^)  with  (4.19)  we  have, 


T (0  ) 


<p3(0)  - ~~  ip(0)ip( 0)  + ip(0)) 

b o 

o 


1 inalfy , 


(4.21) 


The  left-hand  side  of  (4.10)  now  assumes  the  form 


^2  4>(0)  - | v^3  ( 0 ) - i/»(0)^i(0 ) + J(0)|  (4.22) 

a Do  b^  Do 

o o 


We  now  turn  our  attention  to  the  right-hand  side  of  (4.10). 
Directly  from  (4.18b)  we  obtain 


T ( t ) = - — - (t/3)(t)  + ip(0)T(t ) + ^(O)y(t)  (4.23) 


+ i(O)'Kt)  + /*  ^ttt(t-T)'f(T)dT) 


Also,  in  view  of  (4.18b), 


sup  |?(t)|  < t^-[  sup  L ( t ) | + | ( 0 ) | sup  | ( t ) | (4.24) 

[ 0 ,T ) o [ 0 ,T ) T0,T) 


+ ( | (0 ) | + T sup  I i)j  ( t ) | ) sup  | H'  ( t ) | ] 

co,t)  ro,T) 


while,  by  (4.23), 


sup  | T ( t ) | < i-[  sup  |^(3)(t)|  + 4j(0)  sup  | T ( t ) | (4.25) 

[ 0 ,T ) o [ 0 ,T ) [ 0 ,T ) 


+ iji(O)  sup  M'(t)l  + ( | ( 0 ) I + T sup  |i|>  ;(t)l)  sup  |Y(t)  | 3 

T0,T)  f0,T)  [0 ,T) 
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.s 

, r 

Li 

If  we  substitute  for  sup  I (t)|  in  (4.25)  from  (4.24)  then 

[ 0 ,T ) 

it  is  easily  seen  that  we  obtain  an  estimate  of  the  form 

■ *** 


sup  It  ( t ) | < A sup  | y(t) | + 8 sup  | T ( t ) | + C (4.26) 

C 0 , T ) L 0 , T ) [ 0 ,T ) 


where,  in  fact,  the  constants  A,  8,  C are  given  by 


A = ~[T  sup  lip(3)(t)|  + 1^(0)  | + |^(0)  I + T sup  l^.C2)(t)|)] 

o [ 0 ,T  ) o [ 0 ,T ) 


B = ( |<M0)  | + ^ ( ° ) ] 

o o 


C = ~[  sup  |i|/3)(t)l  + ^li|i(0)|  sup  |<p(2)(t)|] 
o [ 0 ,T ) Do  [ 0 ,T ) 


As  a result  of  the  estimate  (4.26),  the  right-hand  side  of  the 
inequality  (4.10)  is  bounded  above  by  the  expression 


w3T(A  sup  1 4*  ( t ) | + 8 sup  [*(t)|  + C)  + sup  U(t)|,  (4.27) 

[ 0 ,T ) [ 0 ,T ) ao  [ 0 ,T ) 


which,  in  view  of  the  lemma  preceding  (4.16a),  (4.16b),  and 
the  subsequent  remark,  is  itself  bounded  above  by 


w3TLAG(T)  + 


8G(T ) 
T 


(1  + T 


sup 


ro,T) 

sup 


[ 0 ,T ) 


l^(t) | 

h/TftTj0  + cj 


♦ 


wf  (T) 


(1 


+ T 


sup  | ij>(t ) I 

I 0 , i ) , _ 

sup  |<j>(t)r 
[ 0 ,T ) 


(4.28) 
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provided  sup  I4>(t)|  < and  sup  t^(t)|  < — 

[0,T)  [ 0 , T ) 

From  (4.28),  the  definitions  of  the  constants  A,  B,  C,  (4.14), 
and  (4.15),  it  is  clear  that 

V = 0 ( u)  ,T , a ,b  , |<|/(l)(0)l,  sup  l<|>(j)(t)l,  sup  I ^(k)  (t ) I ) (4.29) 

° ° [ 0 ,T  ) [ 0 ,T ) 

with  i = 0,1,2,  j = 0,1,  and  k = 0,1, 2, 3.  Thus,  V is  com- 
putable once  ft,  T > 0,  and  the  constitutive  relations  (1.22a), 
(1.22b)  are  specified.  Furthermore  (4.10),  and  hence  (4.1a), 

(4.1b),  will  be  satisfied  if 

2 

<p(  0)  - t0—  | \ 3 ( 0 ) - 4>(0)i><0)  + i/j  ( 0 ) | ^ V (4.30) 

2 h v 2 d 

a o b o 

o o 

We  offer  below  an  example  of  the  kind  of  considerations 
which  are  involved  in  verifying  that  (4.30)  - and  hence  the 
condition  represented  by  (4.1a)  and  (4.1b)  - is  satisfied. 

It  must  be  noted  that  (4.1a),  (4.1b)  are  implied  by  (4.30)  but 
that,  conversely,  (4.30)  does  not  represent  a necessarv  con- 
dition which  must  be  satisfied  if  (4.1a),  (4.1b)  are  to  be 
valid;  in  particular,  we  have  used  some  very  rough  estimates 
in  passing  from  (4.10)  to  (4.30)  and  even  the  former  inequality 
stands  as  a sufficient  (but  not  necessary)  condition  as  regards 
the  satisfaction  of  (4.1a)  and  (4.1b). 
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Example  In  the  constitutive  equ.it  ions  (1.22a),  (1.221>)  we 
t ake 

<}>(t)  = e~Kt  , iji(t)  = e_t  (4.31) 

where  K > 0 is  arbitrary;  for  the  sake  of  convenience  we  set 

3 

T = 1.  The  region  f)  R (and  hence  the  embedding  constant 
w)  are  left  arbitrary  at  this  point  as  are  the  constants  a^  , 
b . From  (4.31)  we  have 


<j>(0)  = sup  | ( t ) | = 1,  sup  | ( t ) | = K 

[0,1)  [0,1) 


and 


sup  |i[/^(t)|  = 1,  k = 0,1, 2, 3 

[0,1) 

iMo)  = i|>(o)  = l,  ^(o)  = - l 


Therefore,  the  constants  A,  B,  C in  (4.26)  are  given  by 


A 


B 


C 


+ 


(4 . 32a) 


(4 . 32b) 


(4.32c) 


(4.33) 


Also,  if  a > 1,  b >1,  then  from  (4.14)  and  (4.15) 
o o 

F ( 1 ) = , G(  1 ) = (4.34) 

3 “ -L  D “ -L 

O O 

Combining  (4.28)  and  (4.30)  with  (4.32a)  - (4.32c),  (4.33), 
and  (4.34)  it  follows  that  the  operator  M(t),  which  is  defined 
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by  (2.14b),  (1.14a),  (1.14b),  (4.11a),  (4.11b),  and  (4.31), 

will  satisfy  the  fundamental  hypotheses  (4.1a)  and  (4.1b) 

if  a , b , and  o>  are  chosen  so  as  to  satisfy 
o o 


1 

2 

a 

o 


to  ( 1 + K)  3 

7 ' -i  Y > to 

a (a  -1) 
o o 


(b  +1) 
o 


o 


(4.35) 


+ 


1) 


As  b must  be  restricted  to  satisfy  b > 1,  the  right-hand 
o ° 

side  of  (4.35),  which  we  denote  as  a(bo,io),  is  clearly  positive. 

Thus,  in  order  for  (4.35)  to  be  satisfied  for  an  arbitrary 

a >l,o)  must  satisfy 
o 


0) 


= 0)  < 
K 


1 

1 + K 


(1 


(4.36) 


If  we  now  choose  n so  that  (4.36)  is  satisfied  and  define 


1 '<V1+K) 

° ( ao  ’ = ~2  " a (a  -1) 

a o o 

o 

hen  (4.35)  becomes 


a ( aQ , co  ^)  >o(b0»toK) 


But 

lim  a (b  , w ) = 0 (for  any  m > 0) 

b -*•+<*> 
o 


(4.37) 


(4.38) 


L 
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ana  thus  it  is  clear  that  for  an  arbitrary  aQ  > 1 and 

03  = ui  defined  by  (4.36),  the  inequality  (4.35)  will  be 

K 

satisfied  if  bQ  is  chosen  sufficiently  large.  We  summarize 
our  results  in  the  following  lemma: 

Lemma  Consider  the  holohedral  isotropic  dielectric  material 
which  is  defined  by  the  constitutive  relations 

D(x  ,t ) = aQE(x,t)  + /*  e~K(t"T)E(x,T)dx  (4.39a) 

H(x,t)  = bQB(x,t)  + /*  e"(t_T)B(x,T)dT  (4.39b) 

where  X > 0 and  aQ  > 1 are  arbitrary  and  (x,t)  e Q x [0,1) 

3 

with  SI  _c  R chosen  so  that  the  bedding  constant  w,  defined 

OO 

by  the  inclusion  map  of  H+(the  completion  of  CQ(ft)  w.r.t. 

(2.11)  into  H,  satisfies  (4.36).  If  D(x,t)  = 0 

(x,t)  e 9Q  x [0,1),  then  there  exists  a constant  T > 1 such 

A 

that  the  operator  M(t),  defined  by  (2.14b),  satisfies  the 
basic  hypotheses  (4.1a),  (4.1b)  whenever  bQ  ^ T. 

We  now  close  this  discussion  of  holohedral  isotropic 
material  dielectrics  by  offering,  below,  an  example  of  how 
some  of  the  theoremes  of  the  last  section  (which  were  derived 
for  the  abstract  integrodif ferent ial  system  (2.17),  (2.18)) 
may  be  used  to  obtain  information  about  the  growth  behavior 
of  the  electric  displacement  field  in  the  material  which  is 
defined  by  the  constitutive  relations  (4.39a),  (4.39b);  in 
these  equations  aQ  > 1 and  K > 0 are  taken  to  be  arbitrary 
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3 

and  Q c R and  b >1  are  assumed  chosen  so  as  to  sat  a si v 
— o 

the  conditions  of  the  Lemma  above,  i.e.  > we  take 

b = T = inf{b  > 1 | o(b,  co.,)  < a(a  ,u>v)}  (4.40) 

o is.  O is 

where  to  K’  °>  ° are  defined  by  the  discussion  preceding  the 
lemma.  Comparing  (2.17)  with  (2.15),  and  using  (4.17), 

(4.31),  and  (4.40)  we  easily  find  that 

a = - 'f(O)  = i <J>(0)  = F (4.41) 

bo  F 

As  T > 1,  0 < a < 1.  The  simplest  case  we  can  consider  in 
this  situation  would  seem  to  be  Case  III  of  the  last  section; 
thus,  we  shall  assume  that,  in  addition  to  the  constitutive 
relations  (4.39a),  (4.39b)  we  have  initial  conditions  specified 
of  the  form 


D(x,0)  = 0,  D^_(x,0)  = D-^(x),  x e 


(4.42) 


as  well  as  the  boundary  condition 


D(x,t)  = 0,  (x,t)  e 3 0 * [0,1) 


(4.43) 


The  displacements  our  theorems  apply  to  must  lie  in 
the  class  W,  i.e.,  they  should  satisfy 


3D. ( x , t ) 3D. ( x , t ) , 

up  (/o— hr hr dx)  < 


0<t<l  n 3x3 


9x. 


N 


(4.44) 
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for  some  N > 0.  Directly  from  theorem  ITT. 3 we  then  have 
the  following  result 

Theorem  IV.  1 Let  D(x,t),  (x,t)  c !2  » [0,1)  be  any  solution 

of  (2.1)  (subject  to  (4.42)  and  (4.43))  which  satisfies  (4.44) 

for  some  N > 0,  where  we  assume  that  $(t),  Y(t)  are  determined, 

respectively,  by  (4.31  ),  (1.14a),  (1.14b)  and  (4.312),  (4.11a), 

(4.11b);  we  also  assume  that  aQ  > 1 , K > 0 are  arbitrary  while 

ft  is  such  that  the  corresponding  embedding  constant  a)  satisfies 

(4.36)  and  b = T is  defined  by  (4.40).  Then  there  exists 
o 

A = A(D  with  A(D  > 0 and  A(D  -*-+“>  as  f + such  that 


Jq  (x  ,t  )D^  ( x ,t ) dx  < 0 s t < 1 


where 


B = sup  (ojJn2  + 1)1  5 (t) 
0<t  <1  K 


r*/.,  / t/r  i/r. i/r*  A . . . 

6 (t)  = (e  - e )/(l-e  ),  0 < t < 1 


f(t)  = t - (1-6  ) , 0 * t < 1 


(4.45) 

(4.46a) 

(4.46b) 

(4.46c) 


r +v  ■ £•  r 1/T.  . 1/T 

Furthermore,  if  F < e /(e 


1)  , then  f(t)  is  (strictly) 


monotonically 


^ increasing^ 
1 decreasing 


for  T fn(r[e1/r 


11)  . 


Remark  The  function  A(T)  specified  in  Theorem  TV . 1 is  obtained 
in  the  following  way:  From  (3.28c),  (3.81),  and  (3.82)  we 


see  that  we  need 
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Ad’)  > 2T(  I ID  | | 2 + u>N?  sup  | I M(t ) I I . H >) 
~i  k [0>1)  - 


(4.47) 


+ 8(|  |D1 I 1 2 + N2P2/r(l))  = rx: 


where  , by  ( 3 . 7 o ) 


P ( l ) = — 

i/r  ' r 


I L I I 


l (H+ ,h_ ) - 


I |M(t)  I I 


L(H+  ,H 


) (4.48) 


However,  from  (2.14a),  (2.14b),  (4.31),  (4.33),  and  the 
definition  of  H and  H+ , it  follows  easily  that  there  exist 
positive  constants  , m^  such  that 


II  L | 


L (H+ ,H_ ) 


m^r 


sup  | | M(t ) | 

[0,1)  ~ 


L(H+  ,H_ ) 


< m„r 


(4.49) 


(the  computations  needed  to  establish  the  existence  of  m^ , 

m^  are  similar  the  one  which  led  to  the  estimate  (4.8),  e.g., 

from  (4.8),  with  b = T , it  follows  easily  that  there  exists 

o 

A 

m_  > 0 such  that  sup  IIM.  ||,.u  u . < m0D. 

3 [0,1)  ~t  L(H+’H-‘)  3 

From  (4.48)  and  (4.49)  it  follows  that  there  exist  con- 

tants  n^  > 0,  n^  > 0,  and  n^  > 0 (independent  of  D such  that 


TX*  < 2(T+4) | |D1 


2 2 n? 

+ V + ^2  + n3 


(4.50) 


for  all  T > 0;  the  statement  of  the  theorem  now  follows  with 
A(D  equal  to  the  right-hand  side  of  (4.50). 

Besides  the  upper  bound  represented  by  (4.45)  we  also 
have,  as  a direct  consequence  of  theorem  III. 4,  the  following 
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results  concerning  lower  bounds  for  solutions  of  (2.1), 
subject  to  (4.42)  and  (4.43),  where  3>(t)  and  H'(t)  are  again 
determined  by  (4.31^)  and  (4.31?),  respectively: 

Theorem  I V . 2 Under  the  hypotheses  which  prevail  in  theorem 
we  have,  for  each  real  w > 0,  and  t e [0,1), 


/nD. (x,t)D. (x,t)dx  + Y(t+t  )' 
; - ~ l ~ o , y 


> vt  exp[J(t;Y,t  )] 
o,y  o ,Y 


where  t is  defined  by 

o,Y 


to,y  (nnppihi  * i)  * «VN2rsup)MH(t)iiMH+iHJ 


fpl,ran{*  r * 1j(e-1/r  - 1), 


with  P,/r(l)  given  by  ( 4 . 4 8 ) ; also , J ( t ;y st  ) is  defined  by 

1/1  o >Y 


j(t 


;y ,t  ) = (r2X*(Y;t  ) - - 

o , y \ o , y t / 

’ ' x ' o ,y 


et/r) 


+ r a (y  ;t  )t 
o ,y 


with 


) = -2 

° > Y 


^ ^ Y » ^ ^ ^ ) - 2 


Yt 


[<1  * I 1 Dj 


"2  * (1  * F(1  * 'o,,” 


°>Y 


* 2"2<“k  r^p)||H<t,"L(H+jH_)  * f pi/r<1)> 

Furthermore,  J(t;y,t  ) is  non-negative  and  (strictly) 

°>Y 

monoton i cal ly  increasing  for  0 < t < 1. 


0 


IV. 1 


(4.51) 


(4.52) 


(4.53) 


(4.54) 
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Remarks.  We  could,  of  course,  examine  the  consequences  of  the 
other  theorems  contained  in  §3  as  regards  the  growth  behavior 
of  electric  displacement  fields  in  a wide  variety  of  holohedral 
isotropic  dielectric  materials  which  conform  to  the  basic 
constitutive  theory  represented  by  (1.22a)  and  (1.22b).  Clearly, 
examples  which  can  be  categorized  as  belonging  to  each  of  the 
cases  considered  in  the  previous  section  may  be  easily  constructed 
by  selecting  suitable  memory  functions  4>(t),  >Ht)  in  (1.22a) 
and  (1.22b),  respectively;  we  leave  the  construction  of  such 
examples  to  the  interested  reader.  In  future  work  we  shall 
return  to  consider  the  abstract  system  (2.17),  (2.18)  and  will 
examine  other  applications  to  a variety  of  non  well-posed 
initial  boundary  value  problems.  In  particular,  our  work 
may  be  easily  generalized  to  cover  the  case  where  the  abstract 
equation  has  the  form 

- Ku^  - Lu  + /q  M(t-x )u(t )dr  = H(t)  (4.55) 

with  K c L2([0,T);  L(H+,H_))  either  positive  definite  or 
negative  definite  for  all  t,  0 < t < T,  for  some  T > 0,  and 
H:  (0,°°)  -*■  H+  sufficiently  smooth.  The  abstract  problem  (4.55), 
(2.18)  can  then  be  viewed  as  modeling  the  evolution  of  the 
displacement  vector  in  an  isothermal  linear  viscoelastic 
material  with  nonzero  past  history  and  a time  dependent  (mono- 
tonically  increasing  or  decreasing)  material  density. 
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